Competing with Privacy by Casadesus-Masanell, R. & Hervas-Drane, A.
Casadesus-Masanell, R. & Hervas-Drane, A. (2015). Competing with Privacy. Management 
Science, 61(1), pp. 229-246. doi: 10.1287/mnsc.2014.2023 
City Research Online
Original citation: Casadesus-Masanell, R. & Hervas-Drane, A. (2015). Competing with Privacy. 
Management Science, 61(1), pp. 229-246. doi: 10.1287/mnsc.2014.2023 
Permanent City Research Online URL: http://openaccess.city.ac.uk/6158/
 
Copyright & reuse
City University London has developed City Research Online so that its users may access the 
research outputs of City University London's staff. Copyright © and Moral Rights for this paper are 
retained by the individual author(s) and/ or other copyright holders.  All material in City Research 
Online is checked for eligibility for copyright before being made available in the live archive. URLs 
from City Research Online may be freely distributed and linked to from other web pages. 
Versions of research
The version in City Research Online may differ from the final published version. Users are advised 
to check the Permanent City Research Online URL above for the status of the paper.
Enquiries
If you have any enquiries about any aspect of City Research Online, or if you wish to make contact 
with the author(s) of this paper, please email the team at publications@city.ac.uk.
❈♦♠♣❡t✐♥❣ ✇✐t❤ Pr✐✈❛❝②∗
❘❛♠♦♥ ❈❛s❛❞❡s✉s✲▼❛s❛♥❡❧❧† ❆♥❞r❡s ❍❡r✈❛s✲❉r❛♥❡‡
❖❝t♦❜❡r ✶✱ ✷✵✶✹
❆❜str❛❝t
❲❡ ❛♥❛❧②③❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝♦♥s✉♠❡r ♣r✐✈❛❝② ❢♦r ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳ ❋✐r♠s
❝♦♠♣❡t❡ ❢♦r ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ❛♥❞ ❞❡r✐✈❡ r❡✈❡♥✉❡s ❜♦t❤ ❢r♦♠ ❝♦♥s✉♠❡r ♣✉r❝❤❛s❡s ❛s ✇❡❧❧
❛s ❢r♦♠ ❞✐s❝❧♦s✐♥❣ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛ s❡❝♦♥❞❛r② ♠❛r❦❡t✳ ❈♦♥s✉♠❡rs ❝❤♦♦s❡ ✇❤✐❝❤
✜r♠ t♦ ♣❛tr♦♥✐③❡ ❛♥❞ ❤♦✇ ♠✉❝❤ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ t♦ ♣r♦✈✐❞❡ ✐t ✇✐t❤✳ ❲❡ s❤♦✇ t❤❛t
✜r♠s ♠❛①✐♠✐③❡ ♣r♦✜ts ❜② ❢♦❝✉s✐♥❣ ♦♥ ❛ s✐♥❣❧❡ r❡✈❡♥✉❡ s♦✉r❝❡ ❛♥❞ ❝♦♠♣❡t✐♥❣ ❛t t❤❡ ❡①t❡♥s✐✈❡
r❛t❤❡r t❤❛♥ t❤❡ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✱ ♦✉t♣❡r❢♦r♠✐♥❣ ❝♦♠♣❡t✐t♦rs ❜② ❛ttr❛❝t✐♥❣ ❛ ❧❛r❣❡r ❝✉st♦♠❡r
❜❛s❡✳ ❲❡ ❛❧s♦ s❤♦✇ t❤❛t ❝♦♠♣❡t✐t✐♦♥ ❞r✐✈❡s t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ s❡r✈✐❝❡s ✇✐t❤ ❛ ❧♦✇ ❧❡✈❡❧ ♦❢
❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ✭❤✐❣❤ ❧❡✈❡❧ ♦❢ ♣r✐✈❛❝②✮✱ ❜✉t ❤✐❣❤❡r ❝♦♠♣❡t✐t✐♦♥ ✐♥t❡♥s✐t② ✐♥
t❤❡ ♠❛r❦❡t♣❧❛❝❡ ♥❡❡❞ ♥♦t ✐♠♣r♦✈❡ ♣r✐✈❛❝② ✇❤❡♥ ❝♦♥s✉♠❡rs ❡①❤✐❜✐t ❧♦✇ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②✳
❖✉r ✜♥❞✐♥❣s ❛r❡ r❡❧❡✈❛♥t t♦ t❤❡ ❜✉s✐♥❡ss ♠♦❞❡❧s ♦❢ ■♥t❡r♥❡t ✜r♠s ❛♥❞ ❝♦♥tr✐❜✉t❡ t♦ ✐♥❢♦r♠
t❤❡ r❡❣✉❧❛t♦r② ❞❡❜❛t❡ ♦♥ ❝♦♥s✉♠❡r ♣r✐✈❛❝②✳
❑❡②✇♦r❞s✿ ■♥❢♦r♠❛t✐♦♥ ❆❝q✉✐s✐t✐♦♥✱ ■♥❢♦r♠❛t✐♦♥ ❉✐s❝❧♦s✉r❡✱ ❖♥❧✐♥❡ Pr✐✈❛❝②✱ Pr✐✈❛❝②
❘❡❣✉❧❛t✐♦♥
❏❊▲ ❝♦❞❡s✿ ❉✽✸✱ ▲✶✺✱ ▲✹✱ ▼✷✶
∗❲❡ t❤❛♥❦ t❤❡ ❥♦✉r♥❛❧✬s ❡❞✐t♦rs ❛♥❞ t✇♦ ❛♥♦♥②♠♦✉s r❡❢❡r❡❡s ❢♦r s✉❣❣❡st✐♦♥s t❤❛t ❤❡❧♣❡❞ t♦ ✐♠♣r♦✈❡ t❤✐s ♣❛♣❡r
s✉❜st❛♥t✐❛❧❧②✳ ❲❡ ❛❧s♦ t❤❛♥❦ ❉♦ ❨♦♦♥ ❑✐♠ ❢♦r r❡s❡❛r❝❤ ❛ss✐st❛♥❝❡✱ ▲❛r❜✐ ❆❧❛♦✉✐✱ ❆♥❞r❡✐ ❍❛❣✐✉✱ ❛♥❞ ▼❛rt✐♥ P❡✐t③ ❢♦r
❤❡❧♣❢✉❧ ❝♦♠♠❡♥ts ❛♥❞ s✉❣❣❡st✐♦♥s✱ ❛s ✇❡❧❧ ❛s ♣❛rt✐❝✐♣❛♥ts ❛t ❯P❋✬s ✐♥t❡r♥❛❧ ♠✐❝r♦ s❡♠✐♥❛r ❛♥❞ t❤❡ ❩❊❲ ❡❝♦♥♦♠✐❝s
♦❢ ■❈❚ ❝♦♥❢❡r❡♥❝❡✳ ❚❤❡ ❛✉t❤♦rs ❛r❡ ❣r❛t❡❢✉❧ ❢♦r ✜♥❛♥❝✐❛❧ s✉♣♣♦rt ❢r♦♠ t❤❡ ❙♣❛♥✐s❤ ▼✐♥✐str② ♦❢ ❊❝♦♥♦♠② ❛♥❞
❈♦♠♣❡t✐t✐✈❡♥❡ss ❣r❛♥t ❊❈❖✷✵✶✶✲✷✽✾✻✺✱ t❤❡ ■❊❙❊ P✉❜❧✐❝✲Pr✐✈❛t❡ ❙❡❝t♦r ❘❡s❡❛r❝❤ ❈❡♥t❡r✱ ❛♥❞ t❤❡ ❍❇❙ ❉✐✈✐s✐♦♥ ♦❢
❘❡s❡❛r❝❤✳
†❍❛r✈❛r❞ ❇✉s✐♥❡ss ❙❝❤♦♦❧✱ ❍❛r✈❛r❞ ❯♥✐✈❡rs✐t②✱ ❇♦st♦♥✱ ▼❛ss❛❝❤✉s❡tts ✵✷✶✻✸ ✭r♠❛s❛♥❡❧❧❅❤❜s✳❡❞✉✮
‡❈❛ss ❇✉s✐♥❡ss ❙❝❤♦♦❧✱ ❈✐t② ❯♥✐✈❡rs✐t② ▲♦♥❞♦♥✱ ▲♦♥❞♦♥ ❊❈✶❨ ✽❚❩✱ ❯♥✐t❡❞ ❑✐♥❣❞♦♠ ✭❛♥❞r❡s✳❤❡r✈❛s✲
❞r❛♥❡❅❝❛ss✳❝✐t②✳❛❝✳✉❦✮
✶
✶ ■♥tr♦❞✉❝t✐♦♥
❉✐❣✐t❛❧✐③❛t✐♦♥ ❤❛s ❞r❛♠❛t✐❝❛❧❧② ❧♦✇❡r❡❞ t❤❡ ❝♦sts ♦❢ st♦r✐♥❣ ❛♥❞ ♣r♦❝❡ss✐♥❣ ❧❛r❣❡ st♦❝❦s ♦❢ ❝♦♥s✉♠❡r
✐♥❢♦r♠❛t✐♦♥✱ ❡♥❛❜❧✐♥❣ ♥❡✇ ❢♦r♠s ♦❢ ❛❞✈❡rt✐s❡♠❡♥t t❛r❣❡t✐♥❣✱ ♣❡rs♦♥❛❧✐③❛t✐♦♥ t♦♦❧s✱ ❛♥❞ ♣r✐❝❡ ❞✐s✲
❝r✐♠✐♥❛t✐♦♥ s❝❤❡♠❡s✳ P❡rs♦♥❛❧ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ❤❛s t❤❡r❡❢♦r❡ ❜❡❝♦♠❡ ❛ ✈❛❧✉❛❜❧❡ ❛ss❡t ✐♥ t❤❡
♠❛r❦❡t♣❧❛❝❡ ❛♥❞ ❛♥ ✐♠♣♦rt❛♥t ❡❧❡♠❡♥t ♦❢ ✜r♠ str❛t❡❣②✳ ◆♦✇❤❡r❡ ✐s t❤✐s tr❡♥❞ ♠♦r❡ ✈✐s✐❜❧❡ t❤❛♥ ✐♥
♦♥❧✐♥❡ s❡r✈✐❝❡s✱ ✇❤❡r❡ ✜r♠s ❛r❡ ❛❣❣r❡ss✐✈❡❧② ❝❛♣t✉r✐♥❣ ❧❛r❣❡ st♦❝❦s ♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥✳ ❯s❛❣❡
♦❢ t❤❡s❡ ✐♥❢♦r♠❛t✐♦♥✲✐♥t❡♥s✐✈❡ s❡r✈✐❝❡s ❜② ❝♦♥s✉♠❡rs ✐♠♣❧✐❡s ♣r♦✈✐s✐♦♥ ♦❢ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✱ ❛♥❞
✜r♠s ❡①♣❧♦✐t s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ t♦ ❣❡♥❡r❛t❡ ♥❡✇ s♦✉r❝❡s ♦❢ r❡✈❡♥✉❡✳ ❚❤❡s❡ tr❛❞❡♦✛s ❛r❡ ❞❡✜♥✐♥❣
❜✉s✐♥❡ss ♠♦❞❡❧s ❛♥❞ t❤❡ r♦❧❡ ♦❢ ♣r✐✈❛❝② ✐♥ ♦♥❧✐♥❡ ♠❛r❦❡t♣❧❛❝❡s✳
Pr♦♠✐♥❡♥t ❡①❛♠♣❧❡s ♦❢ t❤❡s❡ tr❡♥❞s ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❛♠♦♥❣ ♠❛❥♦r ■♥t❡r♥❡t ♣❧❛②❡rs✳ ●♦♦❣❧❡
♣r♦✈✐❞❡s ❝♦♥s✉♠❡rs ✇✐t❤ s❡r✈✐❝❡s t♦ s❡❛r❝❤ t❤❡ ✇❡❜✱ ♠❛♥❛❣❡ t❤❡✐r ❡♠❛✐❧ ❝♦rr❡s♣♦♥❞❡♥❝❡ ✭❣▼❛✐❧✮✱
❝♦♥t❛❝ts ✭●♦♦❣❧❡✰✮✱ ❝❛❧❡♥❞❛r ❡✈❡♥ts ✭●♦♦❣❧❡ ❈❛❧❡♥❞❛r✮✱ ❛♥❞ ❞♦❝✉♠❡♥ts ✭●♦♦❣❧❡ ❉♦❝s✮✳ ❈♦♥s✉♠❡rs
♣r♦✈✐❞❡ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ t♦ ✉s❡ t❤❡s❡ s❡r✈✐❝❡s✱ ✐♥❢♦r♠✐♥❣ ●♦♦❣❧❡ ❛❜♦✉t t❤❡✐r ❧♦❝❛t✐♦♥✱ ✐♥t❡r❡sts✱
❛♥❞ s♦❝✐❛❧ ❝♦♥♥❡❝t✐♦♥s ✇❤❡♥ ♣❡r❢♦r♠✐♥❣ s❡❛r❝❤❡s✱ ❝♦♠♠✉♥✐❝❛t✐♥❣ ✇✐t❤ ♦t❤❡rs✱ ❛♥❞ ♠❛♥❛❣✐♥❣ t❤❡✐r
❞♦❝✉♠❡♥ts✱ ❛♥❞ ❞❡r✐✈❡ ❛ ❞✐r❡❝t ❜❡♥❡✜t ❢r♦♠ t❤❡ s❡r✈✐❝❡s ✐♥ ❞♦✐♥❣ s♦✳ ●♦♦❣❧❡ ✐♥ t✉r♥ ❞❡r✐✈❡s r❡✈❡♥✉❡s
❢r♦♠ ❞✐s❝❧♦s✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥ ❜② ♣r♦✜❧✐♥❣ ❝♦♥s✉♠❡rs ❛♥❞ ❝❤❛r❣✐♥❣ ❛❞✈❡rt✐s❡rs t♦ t❛r❣❡t t❤❡♠✳ ❆
❧❛r❣❡r st♦❝❦ ♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ✐♥❝r❡❛s❡s t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ t❤❡ t❛r❣❡t✐♥❣ ❛♥❞ ❛❧❧♦✇s ●♦♦❣❧❡
t♦ ❞❡r✐✈❡ ❤✐❣❤❡r ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s✱ ❛❧t❤♦✉❣❤ ❛❞✈❡rt✐s✐♥❣ r❡❞✉❝❡s t❤❡ ❜❡♥❡✜ts ❝♦♥s✉♠❡rs ❞❡r✐✈❡
❢r♦♠ t❤❡ s❡r✈✐❝❡s✳ ●♦♦❣❧❡✬s ❜✉s✐♥❡ss ♠♦❞❡❧ ✐s r❡❛❞✐❧② ✉♥❞❡rst♦♦❞ ❜② ❝♦♥s✉♠❡rs✿ ❢r❡❡ s❡r✈✐❝❡s ✐♥
❡①❝❤❛♥❣❡ ❢♦r ❛❞s✳✶
❖t❤❡r ♠❛❥♦r ■♥t❡r♥❡t ♣❧❛②❡rs s✉❝❤ ❛s ▼✐❝r♦s♦❢t ❛♥❞ ❆♠❛③♦♥ ❝♦♠♣❡t❡ ✇✐t❤ ❞✐✛❡r❡♥t ❛♣♣r♦❛❝❤❡s✳
▼✐❝r♦s♦❢t ❤❛s r❡❝❡♥t❧② ✐♥tr♦❞✉❝❡❞ ❖✣❝❡ ✸✻✺✱ ❛♥ ♦♥❧✐♥❡ s❡r✈✐❝❡ ✇❤✐❝❤ ❝♦♠♣❡t❡s ✇✐t❤ ●♦♦❣❧❡✬s ❜②
❛❧❧♦✇✐♥❣ ❝♦♥s✉♠❡rs t♦ ❡❞✐t ❞♦❝✉♠❡♥ts✱ ♠❛♥❛❣❡ ❡♠❛✐❧✱ ❝♦♥t❛❝ts✱ ❛♥❞ ❝❛❧❡♥❞❛r ❡✈❡♥ts✳ ■♥ ❝♦♥tr❛st
✇✐t❤ ●♦♦❣❧❡✱ ❤♦✇❡✈❡r✱ ▼✐❝r♦s♦❢t ❝❤❛r❣❡s ❝♦♥s✉♠❡rs ❢♦r t❤❡ s❡r✈✐❝❡ ❛♥❞ ❞♦❡s ♥♦t ❞✐s❝❧♦s❡ t❤❡✐r
✐♥❢♦r♠❛t✐♦♥ ❢♦r ❛❞✈❡rt✐s✐♥❣ ♣✉r♣♦s❡s✳ ▼✐❝r♦s♦❢t✬s r❡❝❡♥t ❙❝r♦♦❣❧❡❞✦ ❝❛♠♣❛✐❣♥ ❡♠♣❤❛s✐③❡❞ t❤❡
❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❢♦❧❧♦✇✐♥❣ t❡r♠s✿ ✏●♦♦❣❧❡ ❣♦❡s t❤r♦✉❣❤ ❡✈❡r② ❣▼❛✐❧ t❤❛t✬s s❡♥t ♦r r❡❝❡✐✈❡❞✱ ❧♦♦❦✐♥❣
❢♦r ❦❡②✇♦r❞s s♦ t❤❡② ❝❛♥ t❛r❣❡t ❣▼❛✐❧ ✉s❡rs ✇✐t❤ ♣❛✐❞ ❛❞s✳ ❆♥❞ t❤❡r❡✬s ♥♦ ✇❛② t♦ ♦♣t ♦✉t ♦❢ t❤✐s
✐♥✈❛s✐♦♥ ♦❢ ②♦✉r ♣r✐✈❛❝②✳ ❖✉t❧♦♦❦✳❝♦♠ ✐s ❞✐✛❡r❡♥t ✖ ✇❡ ❞♦♥✬t ❣♦ t❤r♦✉❣❤ ②♦✉r ❡♠❛✐❧ t♦ s❡❧❧ ❛❞s✳✑
❆♠❛③♦♥ ♣❧❛②s ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ♦♥❧✐♥❡ s❡❛r❝❤ ❜② ✐♥❞❡①✐♥❣ ❛ ❧❛r❣❡ ♥✉♠❜❡r ♦❢ ♣r♦❞✉❝ts ❛♥❞
❛❧❧♦✇✐♥❣ t❤✐r❞✲♣❛rt② s❡❧❧❡rs t♦ s✉♣♣❧② t❤❡♠ t❤r♦✉❣❤ ✐ts ✇❡❜s✐t❡s✱ ❝♦♠♣❡t✐♥❣ ✇✐t❤ ●♦♦❣❧❡ ❛s ❛ s❡❛r❝❤
❣❛t❡✇❛② ✐♥ t❤❡ r❡t❛✐❧ ❛r❡♥❛✳ ❆♠❛③♦♥ ❛❧s♦ ❡①♣❧♦✐ts ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ t♦ ♣r♦✜❧❡ ✉s❡rs ❜❛s❡❞
♦♥ t❤❡✐r s❡❛r❝❤ ✐♥t❡r❡sts ❛♥❞ ♣❛st ♣✉r❝❤❛s❡s✱ ❛♥❞ ❞❡r✐✈❡s r❡✈❡♥✉❡s ❜② ❞✐s❝❧♦s✐♥❣ t❤✐s ✐♥❢♦r♠❛t✐♦♥
t♦ s❡❧❧❡rs✳ ❋✉rt❤❡r♠♦r❡✱ t❤r♦✉❣❤ ✐ts ❙♣❡❝✐❛❧ ❖✛❡rs ♣r♦❣r❛♠✱ ❆♠❛③♦♥ ❤❛s st❛rt❡❞ t♦ s✉❜s✐❞✐③❡
✶❲❡ ✉s❡ t❤❡ t❡r♠ ❞✐s❝❧♦s✉r❡ t♦ r❡❢❡r t♦ t❤❡ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ❢♦r r❡✈❡♥✉❡✲❣❡♥❡r❛t✐♥❣ ♣✉r♣♦s❡s✱
❡✈❡♥ t❤♦✉❣❤ s♦♠❡ ❢♦r♠s ♦❢ ❡①♣❧♦✐t❛t✐♦♥ ♠❛② ♥♦t ✐♠♣❧② ✐♥❢♦r♠❛t✐♦♥ s❤❛r✐♥❣ ✇✐t❤ t❤✐r❞✲♣❛rt✐❡s✳ ❋♦r ❡①❛♠♣❧❡✱ s♣♦t
♠❛r❦❡ts ❢♦r ♦♥❧✐♥❡ ❛❞✈❡rt✐s✐♥❣ ♠❛② ♥♦t ❛❧❧♦✇ ❛❞✈❡rt✐s❡rs t♦ ♦❜s❡r✈❡ t❤❡ ✐❞❡♥t✐t② ♦❢ t❛r❣❡t ❝♦♥s✉♠❡rs✳ ◆♦♥❡t❤❡❧❡ss✱
✇❡ ❡①♣❡❝t t❤❡ ♦✉t❝♦♠❡ t♦ ❛♣♣r♦①✐♠❛t❡ t❤❛t ♦❢ ✐♥❢♦r♠❛t✐♦♥ s❤❛r✐♥❣ ❜❡❝❛✉s❡ t❤❡ ✜r♠ ❡①♣❧♦✐t✐♥❣ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✇✐❧❧
❛❝❝♦✉♥t ❢♦r t❤❡ ♦❜❥❡❝t✐✈❡ ❢✉♥❝t✐♦♥ ♦❢ ❛❞✈❡rt✐s❡rs ✐♥ ♦r❞❡r t♦ ♠❛①✐♠✐③❡ r❡✈❡♥✉❡s✳
✷
❝♦♥s✉♠❡rs ✇✐❧❧✐♥❣ t♦ ❛❝❝❡♣t ❛❞✈❡rt✐s✐♥❣ ♦♥ t❤❡✐r ♠♦❜✐❧❡ ❞❡✈✐❝❡s✳ ❈♦♥s✉♠❡rs ❝✉rr❡♥t❧② ❜❡♥❡✜t ❢r♦♠
✩✶✺ ❛♥❞ ✩✷✵ ❞✐s❝♦✉♥ts ✇❤❡♥ ♣✉r❝❤❛s✐♥❣ ❑✐♥❞❧❡ t❛❜❧❡ts ❛♥❞ ❡✲r❡❛❞❡rs✱ r❡s♣❡❝t✐✈❡❧②✱ ✐❢ ✇✐❧❧✐♥❣ t♦
❛❝❝❡♣t t❛r❣❡t❡❞ ❛❞✈❡rt✐s❡♠❡♥ts ❢r♦♠ ❆♠❛③♦♥ ❛♥❞ t❤✐r❞✲♣❛rt② s❡❧❧❡rs ❞✐s♣❧❛②❡❞ ♦♥ t❤❡ ❞❡✈✐❝❡✳ ❚❤✐s
s✉❜s✐❞② r❡♥❞❡rs t❤❡ ❜❛s✐❝ ❑✐♥❞❧❡ ❡✲r❡❛❞❡r ♦♥❡ ♦❢ t❤❡ ❝❤❡❛♣❡st ❞❡✈✐❝❡s ♦❢ ✐ts ❦✐♥❞✳
❚❤❡s❡ ❡①❛♠♣❧❡s ✐❧❧✉str❛t❡ t❤❡ ❝❤♦✐❝❡s ❝♦♥s✉♠❡rs ❢❛❝❡ ✇❤❡♥ ♣r♦✈✐❞✐♥❣ t❤❡✐r ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥
t♦ ♦♥❧✐♥❡ s❡r✈✐❝❡s ❛♥❞ t❤❡ r❡✈❡♥✉❡ str❡❛♠s ✜r♠s ❝❛♥ t❛♣ ✐♥t♦ ❜② ❞✐s❝❧♦s✐♥❣ ✐t✳ ❚❤❡ q✉❡st✐♦♥ ✐s ♥♦✇✱
❤♦✇ ❞♦❡s t❤✐s ❛✛❡❝t ❝♦♠♣❡t✐t✐♦♥❄ ❙❤♦✉❧❞ ✜r♠s ❡①♣❧♦✐t ❛❧❧ ❛✈❛✐❧❛❜❧❡ r❡✈❡♥✉❡ s♦✉r❝❡s✱ ♣r✐❝❡s ❛♥❞
❞✐s❝❧♦s✉r❡✱ ♦r ❢♦❝✉s ♦♥ ♦♥❡❄ ■❢ s♦✱ ✇❤✐❝❤ ✐s ♠♦r❡ ♣r♦✜t❛❜❧❡ ❛♥❞ ✇❤❛t ❞♦❡s ✐t ❞❡♣❡♥❞ ♦♥❄ ■♥ t❤✐s
♣❛♣❡r ✇❡ ♣r❡s❡♥t ❛ ♠♦❞❡❧ t♦ ❛♥❛❧②③❡ t❤❡ str❛t❡❣✐❝ ✐♥t❡r❛❝t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥
♣r♦✈✐s✐♦♥ ❛♥❞ ✜r♠ ❞✐s❝❧♦s✉r❡ ❛♥❞ ❤♦✇ t❤❡② ❛✛❡❝t ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳ ❚♦ t❤❡ ❜❡st ♦❢
♦✉r ❦♥♦✇❧❡❞❣❡✱ ✇❡ ❝♦♥tr✐❜✉t❡ t❤❡ ✜rst ❛♥❛❧②s✐s t❤❛t ❡①♣❧❛✐♥s ❤♦✇ t❤❡ ♣r♦✈✐s✐♦♥ ❛♥❞ ❞✐s❝❧♦s✉r❡ ♦❢
❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ s❤❛♣❡s t❤❡ ❝♦♠♣❡t✐t✐✈❡ ✐♥t❡r❛❝t✐♦♥ ♦❢ ✜r♠s✳
❲❡ ❜✉✐❧❞ ♦♥ ❛ st❛♥❞❛r❞ ✈❡rt✐❝❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❢r❛♠❡✇♦r❦ t♦ ❝❛♣t✉r❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥❛❧ ❞✐♠❡♥✲
s✐♦♥ ♦❢ t❤❡ ♣r♦❜❧❡♠✱ ❛♥❞ ❞♦ s♦ ❜② ❛❞♦♣t✐♥❣ ❛ r❡❞✉❝❡❞✲❢♦r♠ s♣❡❝✐✜❝❛t✐♦♥ ❢♦r s❡r✈✐❝❡ q✉❛❧✐t② ✇❤✐❝❤
❝❛♣t✉r❡s t❤❡ tr❛❞❡♦✛s ♦✉t❧✐♥❡❞ ❛❜♦✈❡✳ ❋✐r♠s ♣r♦✈✐❞❡ ❛ ❤♦♠♦❣❡♥❡♦✉s s❡r✈✐❝❡ t♦ ❝♦♥s✉♠❡rs ❛♥❞
❝♦♠♣❡t❡ ♦♥ ♣r✐❝❡s ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡✳ ❖♥ t❤❡ ❞❡♠❛♥❞ s✐❞❡✱ ❝♦♥s✉♠❡rs ❛r❡ t❤❡ ❣❛t❡❦❡❡♣❡rs
♦❢ t❤❡✐r ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✱ ❛♥❞ t❤❡② ♦❜s❡r✈❡ t❤❡ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ✜r♠s ❡♥❣❛❣❡ ✐♥ ❛s ✇❡❧❧ ❛s
t❤❡✐r ♣r✐❝❡ ❜❡❢♦r❡ ❞❡❝✐❞✐♥❣ ✇❤✐❝❤ s❡r✈✐❝❡ t♦ ♣❛tr♦♥✐③❡ ✭✐❢ ❛♥②✮ ❛♥❞ ❤♦✇ ♠✉❝❤ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥
t♦ ♣r♦✈✐❞❡ ✐t ✇✐t❤✳ ❚❤❡ ♣❡r❝❡✐✈❡❞ q✉❛❧✐t② ♦❢ t❤❡ ✜r♠✬s s❡r✈✐❝❡ ❢♦r ❡❛❝❤ ❝♦♥s✉♠❡r ✐♥❝r❡❛s❡s ✇✐t❤
✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ❛♥❞ ❞❡❝r❡❛s❡s ✇✐t❤ t❤❡ ✜r♠✬s ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡✳ ❖♥ t❤❡ s✉♣♣❧② s✐❞❡✱ t❤❡r❡
❛r❡ t✇♦ r❡✈❡♥✉❡ s♦✉r❝❡s ❛✈❛✐❧❛❜❧❡ t♦ ✜r♠s✿ s❛❧❡s r❡✈❡♥✉❡s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ t❤❡ ♣r✐❝❡s ❝❤❛r❣❡❞ t♦
❝♦♥s✉♠❡rs✱ ❛♥❞ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ✇❤✐❝❤ ❞❡♣❡♥❞ ♦♥ t❤❡✐r ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ❛♥❞ st♦❝❦ ♦❢ ❝♦♥s✉♠❡r
✐♥❢♦r♠❛t✐♦♥✳ ❋✐r♠s ♠❛② ❝❤♦♦s❡ t♦ ❡①♣❧♦✐t ❜♦t❤✱ t♦ ❢♦r❡❣♦ s❛❧❡s r❡✈❡♥✉❡s ❜② s✉❜s✐❞✐③✐♥❣ ❝♦♥s✉♠❡rs✱
♦r t♦ ❢♦r❡❣♦ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❜② ♥♦t ❡♥❣❛❣✐♥❣ ✐♥ ❞✐s❝❧♦s✉r❡✳
❖✉r ❛♥❛❧②s✐s ♣r♦✈✐❞❡s ✐♥s✐❣❤t ♦♥ ❤♦✇ ✜r♠s ❝♦♠♣❡t❡ ❢♦r ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥✳ ❲❡ s❤♦✇ t❤❛t
✜r♠s ❝❛♥ ❡①♣❧♦✐t ❝♦♥s✉♠❡r ❤❡t❡r♦❣❡♥❡✐t② ❜② ❞✐✛❡r❡♥t✐❛t✐♥❣ ✐♥ t❤❡✐r ❧❡✈❡❧s ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡✱
❛♥❞ ❝❛♥ ♣r♦✜t ❢r♦♠ ❞♦✐♥❣ s♦ ❡✈❡♥ t❤♦✉❣❤ t❤✐s s❛❝r✐✜❝❡s ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s✳ ❉✐✛❡r❡♥t✐❛t✐♦♥ ✐s
r❡✢❡❝t❡❞ ♦♥ ❜♦t❤ t❤❡ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ✜r♠s ❡♥❣❛❣❡ ✐♥ ❛s ✇❡❧❧ ❛s ♦♥ t❤❡ r❡✈❡♥✉❡ s♦✉r❝❡ t❤❡② ❝❤♦♦s❡
t♦ ❡①♣❧♦✐t✳ ❆ ✜r♠ ❡♥❣❛❣✐♥❣ ✐♥ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ✭❧♦✇✲q✉❛❧✐t② s❡r✈✐❝❡✮ ❝❤♦♦s❡s t♦ s✉❜s✐❞✐③❡
❝♦♥s✉♠❡rs✱ ❛♥❞ ❛ ✜r♠ ❡♥❣❛❣✐♥❣ ✐♥ ❛ ❧♦✇ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ✭❤✐❣❤✲q✉❛❧✐t② s❡r✈✐❝❡✮ ❝❤❛r❣❡s ♣♦s✐t✐✈❡
♣r✐❝❡s✳ ❙✉❝❤ ❛♥ ♦✉t❝♦♠❡ ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❝♦♠♣❡t✐t✐♦♥✱ ❛s ✇❡ s❤♦✇ t❤❛t ❛ ♠♦♥♦♣♦❧✐st
♥❡✈❡r ❝❤♦♦s❡s t♦ s✉❜s✐❞✐③❡ ❝♦♥s✉♠❡rs✳ ▼♦r❡♦✈❡r✱ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❝❛♥ ❞r✐✈❡ t❤❡
❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✭❧♦✇✲q✉❛❧✐t②✮ ✜r♠ t♦ ❞❡r✐✈❡ ❤✐❣❤❡r ♣r♦✜ts ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✱ ❝♦♥tr❛r② t♦ ✇❤❛t
✇♦✉❧❞ ❜❡ ♣r❡❞✐❝t❡❞ ❜② ❛ st❛♥❞❛r❞ ✈❡rt✐❝❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❢r❛♠❡✇♦r❦✳
❖✉r ❛♥❛❧②s✐s ❛❧s♦ ♣r♦✈✐❞❡s ✐♥s✐❣❤t ♦♥ t❤❡ ❡✛❡❝t ♦❢ ❝♦♠♣❡t✐t✐♦♥ ♦♥ ❝♦♥s✉♠❡r ♣r✐✈❛❝② ❜② ❡①✲
♣❧❛✐♥✐♥❣ t❤❡ ❛❣❣r❡❣❛t❡ st♦❝❦ ♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞ ❜② ✜r♠s✳ ❲❡ ✜♥❞ t❤❛t t❤❡ st♦❝❦
♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞ ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡ ✐s ❣❡♥❡r❛❧❧② ❧♦✇❡r ✉♥❞❡r ❝♦♠♣❡t✐t✐♦♥ t❤❛♥
✉♥❞❡r ♠♦♥♦♣♦❧②✳ ❚❤✉s ❝♦♥s✉♠❡rs ❞❡r✐✈❡ ❤✐❣❤❡r s✉r♣❧✉s ❛♥❞ ❜❡♥❡✜t ❢r♦♠ ❝♦♠♣❡t✐t✐♦♥✱ ❛s s❤♦✉❧❞
✸
❜❡ ❡①♣❡❝t❡❞✳ ❇✉t ♣❡r❤❛♣s ❝♦✉♥t❡r✐♥t✉✐t✐✈❡❧②✱ ❤✐❣❤❡r ✐♥t❡♥s✐t② ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❜❡t✇❡❡♥ ✜r♠s ✭✇❤✐❝❤
❝❛♥ ❜❡ ❝❛♣t✉r❡❞ ✐♥ ♦✉r ❛♥❛❧②s✐s ❜② t❤❡ ❤❡t❡r♦❣❡♥❡✐t② ♦❢ t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛t✐♦♥✮ ❝❛♥ ✐♥❝r❡❛s❡ t❤❡
st♦❝❦ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞✱ r❡❞✉❝✐♥❣ ❝♦♥s✉♠❡r ♣r✐✈❛❝②✳ ❈♦♥s✉♠❡rs st✐❧❧ ❜❡♥❡✜t ❢r♦♠ ❝♦♠♣❡t✐✲
t✐♦♥✱ ❜✉t ❞♦ s♦ t❤r♦✉❣❤ ♣r✐❝❡s ✭♦r s✉❜s✐❞✐❡s✮ r❛t❤❡r t❤❛♥ t❤r♦✉❣❤ r❡❞✉❝t✐♦♥s ✐♥ t❤❡ ❞✐s❝❧♦s✉r❡ ♦❢
t❤❡✐r ✐♥❢♦r♠❛t✐♦♥✳ ▼♦r❡♦✈❡r✱ ✇❡ ❛❧s♦ ✜♥❞ t❤❛t t❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✜r♠ ❝❛♥ ❝♦♥tr✐❜✉t❡ t❤❡ ♠♦st
t♦ ❝♦♥s✉♠❡r s✉r♣❧✉s✳ ❋r♦♠ ❛ ♣♦❧✐❝② ♣❡rs♣❡❝t✐✈❡✱ t❤✐s ✐♠♣❧✐❡s t❤❛t ❤✐❣❤ ❧❡✈❡❧s ♦❢ ❞✐s❝❧♦s✉r❡ ❝❛♥ ❜❡
❡①♣❡❝t❡❞ ✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡t♣❧❛❝❡ ❛♥❞ ♥❡❡❞ ♥♦t r❡❞✉❝❡ ❝♦♥s✉♠❡r ✇❡❧❢❛r❡ ✇❤❡♥ ❝♦♠♣❡♥s❛t❡❞
❜② s✉❜s✐❞✐③❛t✐♦♥✳
❚❤❡ ♠♦❞❡❧ ✇❡ ✉s❡ t♦ ❞❡r✐✈❡ ♦✉r r❡s✉❧ts ✐s ✐♥t❡r♥❛❧❧② ❝♦♠♣❧❡① ❜✉t tr❛❝t❛❜❧❡✱ ❛♥❞ ♣r♦✈✐❞❡s ❢♦r
❝❧❡❛♥ q✉❛❧✐t❛t✐✈❡ ♣r❡❞✐❝t✐♦♥s ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❲❡ ❢✉❧❧② ❡♥❞♦❣❡♥✐③❡ ❛❧❧ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ❞❡❝✐s✐♦♥s ♦❢
♠❛r❦❡t ♣❛rt✐❝✐♣❛♥ts✱ ❛♥❞ t❤❡ ♦♥❧② ❡①♦❣❡♥♦✉s ♣❛r❛♠❡t❡rs ✐♥ ♦✉r ❛♥❛❧②s✐s ❛r❡ t❤♦s❡ t❤❛t ❞❡✜♥❡ t❤❡
❞✐str✐❜✉t✐♦♥ ♦❢ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ s❡r✈✐❝❡✳ ❚♦ ♦❜t❛✐♥ t❤❡ r❡s✉❧ts✱ s❡✈❡r❛❧ s✐♠♣❧✐✜❝❛t✐♦♥s ❛r❡
♥❡❡❞❡❞✳ ❲❡ ❞♦ ♥♦t ♠♦❞❡❧ t❤❡ ✐♥t❡r❛❝t✐♦♥s ❛r✐s✐♥❣ ✐♥ t❤❡ s❡❝♦♥❞❛r② ♠❛r❦❡t ❢♦r ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥
❞✐s❝❧♦s✉r❡✳ ■♥st❡❛❞✱ ✇❡ ❛ss✉♠❡ ✜r♠s ♦♣❡r❛t❡ ❛s ♣r✐❝❡✲t❛❦❡rs✱ ❢♦r ❡①❛♠♣❧❡ ❜② ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ ❛
❝♦♠♣❡t✐t✐✈❡ ❛❞✈❡rt✐s✐♥❣ ♠❛r❦❡t✳ ❲❡ r❡str✐❝t ♦✉r ❛♥❛❧②s✐s t♦ ❝♦✈❡r❡❞ ♠❛r❦❡t ❡q✉✐❧✐❜r✐❛ ✇❤❡r❡ ❛❧❧
❝♦♥s✉♠❡rs ❝❤♦♦s❡ t♦ s✐❣♥ ✉♣ ❢♦r ♦♥❡ ♦❢ t❤❡ s❡r✈✐❝❡s✱ ❛♥❞ ❝♦♥s✐❞❡r ♦♥❧② t❤❡ ❝❛s❡ ✇❤❡r❡ ❝♦♥s✉♠❡r
✈❛❧✉❛t✐♦♥s ❛r❡ ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ❛♥❞ ♠❛r❣✐♥❛❧ ❝♦sts ❛r❡ ③❡r♦✳ ❖✉r ❛♥❛❧②s✐s ✐s ❜❡st s✉✐t❡❞ t♦
♦♥❧✐♥❡ s❡r✈✐❝❡s ♦♣❡r❛t✐♥❣ ✇✐t❤ ❧❛r❣❡ ✉s❡r ❜❛s❡s ❛♥❞ ♥❡❣❧✐❣✐❜❧❡ ♠❛r❣✐♥❛❧ ❝♦sts✳
❖✉r ♠♦❞❡❧ ♣r♦✈✐❞❡s ❛ ❜❡♥❝❤♠❛r❦ ❢♦r ❝♦♥s✉♠❡r ♣r✐✈❛❝② ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ ✐♥❢♦r♠❡❞ ❛♥❞ r❛t✐♦♥❛❧
❝♦♥s✉♠❡rs✳ ❲❡ ❛ss✉♠❡ ❝♦♥s✉♠❡rs ❛r❡ ❛✇❛r❡ ♦❢ t❤❡ ❞✐s❝❧♦s✉r❡ ♣r❛❝t✐❝❡s ♦❢ ✜r♠s ❛♥❞ ✐♥t❡r♥❛❧✐③❡
t❤❡✐r ✐♠♣❛❝t ✐♥ t❤❡✐r ✉s❛❣❡ ♦❢ s❡r✈✐❝❡s✳ ❈♦♥s✉♠❡rs ❤❛✈❡ ❛❝❝❡ss t♦ ❛ ❣r♦✇✐♥❣ s❡t ♦❢ r❡s♦✉r❝❡s t♦
❧❡❛r♥ ❛❜♦✉t t❤❡s❡ ♣r❛❝t✐❝❡s✱ ❛♥❞ ♣r✐✈❛❝② r❡❣✉❧❛t✐♦♥s ✐♥❝r❡❛s✐♥❣❧② r❡q✉✐r❡ ✜r♠s t♦ ✐♥❢♦r♠ ♣r♦s♣❡❝t✐✈❡
❝✉st♦♠❡rs ❛❜♦✉t t❤❡✐r ❞✐s❝❧♦s✉r❡ ❛❝t✐✈✐t✐❡s✳✷ ❆❧t❤♦✉❣❤ ✇❡ r❡❝♦❣♥✐③❡ t❤❛t ❢❛❝t♦rs s✉❝❤ ❛s ❜♦✉♥❞❡❞
r❛t✐♦♥❛❧✐t② ♦r ❝♦❣♥✐t✐✈❡ ❜✐❛s❡s ❝❛♥ ❞✐st♦rt ❝♦♥s✉♠❡r ❞❡❝✐s✐♦♥s r❡❣❛r❞✐♥❣ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢ t❤❡✐r ♣❡r✲
s♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✱ ✇❡ ❡①♣❡❝t ❝♦♥s✉♠❡rs t♦ ❜❡❝♦♠❡ ✐♥❝r❡❛s✐♥❣❧② ❢❛♠✐❧✐❛r ✇✐t❤ ♣r✐✈❛❝② tr❛❞❡♦✛s ✐♥
t❤❡ ♠❛r❦❡t♣❧❛❝❡✳ ❙✉❝❤ ❝♦♥s✉♠❡rs ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ♣r✐✈❛❝② ♣r❛❣♠❛t✐sts ❛❝❝♦r❞✐♥❣ t♦ s✉r✈❡②
❝❧❛ss✐✜❝❛t✐♦♥s ♦❢ ♣r✐✈❛❝② ❛tt✐t✉❞❡s✿ t❤❡② ❛r❡ ❝♦♥❝❡r♥❡❞ ❛❜♦✉t ♣r✐✈❛❝② ❜✉t ❛r❡ ✇✐❧❧✐♥❣ t♦ tr❛❞❡ ✐t ♦✛
✐❢ ❛♥ ❡✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❜❡♥❡✜ts ❛♥❞ r✐s❦s ♣❛②s ♦✛✳ ❆ ❣r♦✇✐♥❣ ♠❛❥♦r✐t② ♦❢ ❯❙ ❝♦♥s✉♠❡rs ❤❛✈❡ ❜❡❡♥
r❡♣♦rt❡❞ t♦ ♣❡rt❛✐♥ t♦ t❤✐s ❝❛t❡❣♦r②✳✸
■♥ t❤❡ ♥❡①t s❡❝t✐♦♥✱ ✇❡ ♣♦s✐t✐♦♥ ♦✉r ♣❛♣❡r ✐♥ t❤❡ ❝♦♥t❡①t ♦❢ t❤❡ r❡❝❡♥t ♠❛♥❛❣❡r✐❛❧ ❛♥❞ ❡❝♦♥♦♠✐❝s
❧✐t❡r❛t✉r❡ r❡❧❛t✐♥❣ t♦ ♦♥❧✐♥❡ ♣r✐✈❛❝②✳ ❙❡❝t✐♦♥ ✷ ✐♥tr♦❞✉❝❡s t❤❡ ❜✉✐❧❞✐♥❣ ❜❧♦❝❦s ♦❢ ♦✉r ♠♦❞❡❧ ❛♥❞
✷◆❡✇s ♦✉t❧❡ts✱ ❝♦♥s✉♠❡r ❛❞✈♦❝❛❝② ❣r♦✉♣s✱ ❛♥❞ ✐♥❞✉str② ✐♥✐t✐❛t✐✈❡s ♣r♦✈✐❞❡ ❝♦♥s✉♠❡rs ✇✐t❤ ❛✈❡♥✉❡s t♦ ❧❡❛r♥
❛❜♦✉t t❤❡ ♣r✐✈❛❝② ♣r❛❝t✐❝❡s ♦❢ ♦♥❧✐♥❡ s❡r✈✐❝❡s✳ ❋♦r ❡①❛♠♣❧❡✱ ❚❤❡ ❲❛❧❧ ❙tr❡❡t ❏♦✉r♥❛❧ ❤❛s r❡❝❡♥t❧② ♣✉❜❧✐s❤❡❞ ✐♥✲
❞❡♣t❤ r❡♣♦rts ❛❜♦✉t ♦♥❧✐♥❡ ♣r✐✈❛❝② ❡①♣❧❛✐♥✐♥❣ ❝♦♠♠♦♥ ❞✐s❝❧♦s✉r❡ s❝❤❡♠❡s✱ t❤❡ ❊❧❡❝tr♦♥✐❝ ❋r♦♥t✐❡r ❋♦✉♥❞❛t✐♦♥
tr❛❝❦s ❛♥❞ r❡♣♦rts ✐♥❞✉str② ❞❡✈❡❧♦♣♠❡♥ts ❛♥❞ ❜❡st✲♣r❛❝t✐❝❡s✱ ❛♥❞ Pr✐✈❛❝② ❙❝♦r❡ ♣r♦✈✐❞❡s ❝♦♥s✉♠❡rs ✇✐t❤ ✉♣❞❛t❡❞
s❝♦r❡❜♦❛r❞s ❢♦r ♣♦♣✉❧❛r ♦♥❧✐♥❡ s❡r✈✐❝❡s✳ Pr✐✈❛❝② r❡❣✉❧❛t✐♦♥s ❛r❡ ❛❧s♦ ♣❧❛②✐♥❣ ❛ r♦❧❡ ✐♥ ❢♦st❡r✐♥❣ ❝♦♥s✉♠❡r ❛✇❛r❡♥❡ss✳
❋♦r ✐♥st❛♥❝❡✱ ❊❯ ❉✐r❡❝t✐✈❡ ✷✵✵✾✴✶✸✻✴❊❈ r❡q✉✐r❡s ✇❡❜s✐t❡s t❤❛t ❡♠♣❧♦② ❛❝t✐✈✐t② tr❛❝❦✐♥❣ t♦♦❧s s✉❝❤ ❛s ❝♦♦❦✐❡s t♦
❡①♣❧✐❝✐t❧② ❞✐s❝❧♦s❡ t❤❡✐r ❡①✐st❡♥❝❡ t♦ ❝♦♥s✉♠❡rs ✐♥ ❛ ❝♦♠♣r❡❤❡♥s✐✈❡ ❛♥❞ ✉s❡r✲❢r✐❡♥❞❧② ♠❛♥♥❡r✳
✸❙❡❡ ❆❧❛♥ ❲❡st✐♥✬s r❡♣♦rt ❵❍♦✇ ♦♥❧✐♥❡ ✉s❡rs ❢❡❡❧ ❛❜♦✉t ❜❡❤❛✈✐♦r❛❧ ♠❛r❦❡t✐♥❣ ❛♥❞ ❤♦✇ ❛❞♦♣t✐♦♥ ♦❢ ♣r✐✈❛❝② ❛♥❞
s❡❝✉r✐t② ♣♦❧✐❝✐❡s ❝♦✉❧❞ ❛✛❡❝t t❤❡✐r ❢❡❡❧✐♥❣s✱✬ Pr✐✈❛❝② ❈♦♥s✉❧t✐♥❣ ●r♦✉♣✱ ▼❛r❝❤ ✷✵✵✽✳
✹
t❤❡ t✐♠✐♥❣ ♦❢ t❤❡ ❣❛♠❡✳ ❲❡ ❝❤❛r❛❝t❡r✐③❡ t❤❡ ♠♦♥♦♣♦❧② s♦❧✉t✐♦♥ ✐♥ ❙❡❝t✐♦♥ ✸✳ ❚❤✐s s❡r✈❡s ❛s ❛
❜❡♥❝❤♠❛r❦ t♦ ❡✈❛❧✉❛t❡ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝♦♠♣❡t✐t✐♦♥✳ ❲❡ ♣r♦❝❡❡❞ t♦ s♦❧✈❡ t❤❡ ❝❛s❡ ♦❢ ❞✉♦♣♦❧②
✐♥ ❙❡❝t✐♦♥ ✹✱ ❡①♣❧❛✐♥ t❤❡ ❞r✐✈❡rs ♦❢ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❛♥❞ ♣r♦✈✐❞❡ ❛ q✉❛❧✐t❛t✐✈❡ ❝♦♠♣❛r✐s♦♥ ♦❢ t❤❡
❞✉♦♣♦❧② ❛♥❞ ♠♦♥♦♣♦❧② ♦✉t❝♦♠❡s✳ ■♥ ❙❡❝t✐♦♥ ✺ ✇❡ ❞✐s❝✉ss t❤❡ ♠❛♥❛❣❡r✐❛❧ ❛♥❞ ♣♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s
♦❢ ♦✉r r❡s✉❧ts ❜② ❡①❛♠✐♥✐♥❣ ✜r♠ ♣❡r❢♦r♠❛♥❝❡ ❛♥❞ ❝♦♥s✉♠❡r ♣r✐✈❛❝② ✐♥ ❡q✉✐❧✐❜r✐✉♠✱ ❛♥❞ ❛❧s♦ r❡✈✐❡✇
t❤❡ ♠❛✐♥ ❡♠♣✐r✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r ♠♦❞❡❧✳ ❙❡❝t✐♦♥ ✻ ❝♦♥❝❧✉❞❡s✳
✶✳✶ ▲✐t❡r❛t✉r❡
Pr✐✈❛❝② ✐s ❛ ♠✉❧t✐❞✐s❝✐♣❧✐♥❛r② ❝♦♥❝❡♣t ✇❤✐❝❤ ❤❛s ❜❡❡♥ st✉❞✐❡❞ ❛❝r♦ss s❡✈❡r❛❧ ✜❡❧❞s ✐♥❝❧✉❞✐♥❣ ❡❝♦✲
♥♦♠✐❝s✱ ❧❛✇✱ s♦❝✐♦❧♦❣②✱ ❛♥❞ ♣♦❧✐t✐❝❛❧ s❝✐❡♥❝❡✳ ❖✉r ✇♦r❦ r❡❧❛t❡s t♦ t❤❡ ❡❝♦♥♦♠✐❝ ❞✐♠❡♥s✐♦♥ ♦❢ ♣r✐✲
✈❛❝②✱ ✉♥❞❡rst♦♦❞ ❛s t❤❡ ❝♦♥tr♦❧ ♦✈❡r ❛❝❝❡ss t♦ ✐♥❢♦r♠❛t✐♦♥ ❜② ❡❝♦♥♦♠✐❝ ❛❣❡♥ts ❛♥❞ ✐ts ❛ss♦❝✐❛t❡❞
tr❛❞❡♦✛s✳ P♦s♥❡r ✭✶✾✽✶✮ ❛♥❞ ❙t✐❣❧❡r ✭✶✾✽✵✮ ❢❛♠♦✉s❧② ❛r❣✉❡❞ t❤❛t ♣r✐✈❛❝② ❝❛♥ ❧❡❛❞ t♦ ❛❧❧♦❝❛t✐♦♥
✐♥❡✣❝✐❡♥❝✐❡s✱ ❛♥❞ ✐s t❤❡r❡❢♦r❡ ✉♥❞❡s✐r❛❜❧❡ ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢ ❡①t❡r♥❛❧✐t✐❡s ♦r ❡①♣❧✐❝✐t ♣r❡❢❡r❡♥❝❡s
❢♦r ♣r✐✈❛❝②✳ ❚❤✐s ✈✐❡✇ ❤❛s ❜❡❡♥ ❝❤❛❧❧❡♥❣❡❞ ♠♦r❡ r❡❝❡♥t❧②✳ ❍❡r♠❛❧✐♥ ❛♥❞ ❑❛t③ ✭✷✵✵✻✮ ❛♥❛❧②③❡ t❤❡
✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❞✐✛❡r❡♥t ♣r✐✈❛❝② r❡❣✐♠❡s ❛♥❞ t❤❡✐r ✐♠♣❛❝t ♦♥ ❛❧❧♦❝❛t✐✈❡ ❡✣❝✐❡♥❝② ✐♥ t❤❡ ❛❜s❡♥❝❡ ♦❢
s✉❝❤ ❡①t❡r♥❛❧✐t✐❡s ❛♥❞ ♣r❡❢❡r❡♥❝❡s✱ ❛♥❞ ✜♥❞ t❤❛t ♣r✐✈❛❝② ❝❛♥ ❜❡ s♦❝✐❛❧❧② ❞❡s✐r❛❜❧❡ ✐♥ s♦♠❡ ❝❛s❡s✳
❈❛❧③♦❧❛r✐ ❛♥❞ P❛✈❛♥ ✭✷✵✵✻✮ ❡✈❛❧✉❛t❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ❜❡t✇❡❡♥ t✇♦ ♣r✐♥❝✐♣❛❧s s❡q✉❡♥t✐❛❧❧②
❝♦♥tr❛❝t✐♥❣ ✇✐t❤ ❛ ❝♦♠♠♦♥ ❛❣❡♥t ✇❤♦ str❛t❡❣✐❝❛❧❧② ❞❡❝✐❞❡s ✇❤❡t❤❡r t♦ r❡♣♦rt ❤❡r tr✉❡ t②♣❡✱ ❛♥❞
s❤♦✇ t❤❛t t❤❡ ❡✛❡❝t ♦❢ ♣r✐✈❛❝② ♦♥ ✇❡❧❢❛r❡ ✐s ❛♠❜✐❣✉♦✉s✳ ❍✉✐ ❛♥❞ P♥❣ ✭✷✵✵✻✮ ♣r♦✈✐❞❡ ❛ s✉r✈❡②
♦♥ t❤❡ ❡❝♦♥♦♠✐❝s ♦❢ ♣r✐✈❛❝② ❛♥❞ ❛r❣✉❡ t❤❛t ❡①t❡r♥❛❧✐t✐❡s ❣❡♥❡r❛❧❧② ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ t❤❡
❝♦❧❧❡❝t✐♦♥ ❛♥❞ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥✳
❖✉r ❛♣♣r♦❛❝❤ ✐s ♠♦t✐✈❛t❡❞ ❜② t❤❡ ♠♦st ♣r❡✈❛❧❡♥t ❢♦r♠s ♦❢ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛✲
t✐♦♥ ✐♥ ♦♥❧✐♥❡ s❡r✈✐❝❡s✱ s✉❝❤ ❛s ❛❞✈❡rt✐s✐♥❣✳ ❚❤❡s❡ ❢♦r♠s ♦❢ ❡①♣❧♦✐t❛t✐♦♥ ❤❛✈❡ ❛ ♥❡❣❛t✐✈❡ ✐♠♣❛❝t ♦♥
❝♦♥s✉♠❡rs ✐♥ t❤❡ ❢♦r♠ ♦❢ ❛tt❡♥t✐♦♥ ❝♦sts ♦r s❡❛r❝❤ ❜✐❛s ✭♦r ❞♦ s♦ ❜❡②♦♥❞ s♦♠❡ ♦✈❡r❧♦❛❞ t❤r❡s❤♦❧❞✮✳
■♥ ❛❞❞✐t✐♦♥✱ ❝♦♥s✉♠❡rs ❣❡♥❡r❛❧❧② ❡①❤✐❜✐t ❛♥ ❡①♣❧✐❝✐t ♣r❡❢❡r❡♥❝❡ ❢♦r ♣r✐✈❛❝② ♦✈❡r t❤❡✐r ❝♦♠♠✉♥✐❝❛✲
t✐♦♥ ❝❤❛♥♥❡❧s✳ ◆♦❛♠ ✭✶✾✾✺❛✱ ✶✾✾✺❜✮ ♣r♦✈✐❞❡s ❛ ♣r❡s❝✐❡♥t ❛❝❝♦✉♥t ♦❢ t❤❡ ♣r✐✈❛❝② ✐♠♣❧✐❝❛t✐♦♥s ♦❢
❛❞✈❛♥❝❡s ✐♥ ❡❧❡❝tr♦♥✐❝ t❡❧❡❝♦♠♠✉♥✐❝❛t✐♦♥s✱ ❛♥❞ ❛r❣✉❡s t❤❛t ❛ ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡t♣❧❛❝❡ ❝❛♥ ❝♦♥✲
tr✐❜✉t❡ s♦❧✉t✐♦♥s t♦ ❝♦♥s✉♠❡r ❞❡♠❛♥❞s ❢♦r ♣r✐✈❛❝②✳ ❙♣✉❧❜❡r ✭✷✵✵✾✮ r❡✈✐❡✇s t❤❡ ❡✈♦❧✈✐♥❣ ♠❛r❦❡t
str✉❝t✉r❡ ♦❢ ♦♥❧✐♥❡ s❡❛r❝❤ ❛♥❞ ❛❞✈❡rt✐s✐♥❣ s❡r✈✐❝❡s✱ ❛♥❞ ❛r❣✉❡s t❤❛t ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤✐s ♠❛r❦❡t ❝❛♥
❞✐s❝✐♣❧✐♥❡ t❤❡ ❞✐s❝❧♦s✉r❡ ♣♦❧✐❝✐❡s ♦❢ s❡❛r❝❤ ✜r♠s ❛♥❞ ✐♥❝r❡❛s❡ t❤❡ s❤❛r❡ ♦❢ t❤❡ s✉r♣❧✉s ❛♣♣r♦♣r✐❛t❡❞
❜② ❝♦♥s✉♠❡rs✳ ❖✉r ✇♦r❦ ❢♦r♠❛❧✐③❡s t❤❡s❡ ❛r❣✉♠❡♥ts ❛♥❞ ❡①♣❧❛✐♥s t❤❡ ♣r❡❝✐s❡ ✐♠♣❛❝t ♦❢ ❝♦♠♣❡t✐✲
t✐♦♥ ✐♥ t❤✐s ♠❛r❦❡t✳ ❲❡ s❤♦✇ t❤❛t ❣❛✐♥s ✐♥ ❝♦♥s✉♠❡r s✉r♣❧✉s ❛ss♦❝✐❛t❡❞ ✇✐t❤ ❤✐❣❤❡r ✐♥t❡♥s✐t② ♦❢
❝♦♠♣❡t✐t✐♦♥ ♥❡❡❞ ♥♦t r❡s✉❧t ✐♥ ♣r✐✈❛❝② ✐♠♣r♦✈❡♠❡♥ts ✇❤❡♥ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ✐s ♣r♦✜t❛❜❧❡ ❢♦r
✜r♠s✳
❖✉r ♠♦❞❡❧ r❡❧❛t❡s t♦ t❤❡ ❣r♦✇✐♥❣ ❧✐t❡r❛t✉r❡ ♦♥ t✇♦✲s✐❞❡❞ ♠❛r❦❡ts ♣✐♦♥❡❡r❡❞ ❜② ❘♦❝❤❡t ❛♥❞
❚✐r♦❧❡ ✭✷✵✵✸✮ ❛♥❞ ❈❛✐❧❧❛✉❞ ❛♥❞ ❏✉❧❧✐❡♥ ✭✷✵✵✸✮✱ ❛s ✇❡❧❧ ❛s ❧❛t❡r ❝♦♥tr✐❜✉t✐♦♥s s✉❝❤ ❛s ❆r♠str♦♥❣
✭✷✵✵✻✮✳ ❋✐r♠s ✐♥ ♦✉r ♠♦❞❡❧ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ t♦ ✐♥t❡r♠❡❞✐❛t❡ ❛ t✇♦✲s✐❞❡❞ ♠❛r❦❡t ✇❤❡r❡ ❝♦♥✲
✺
s✉♠❡rs ♣r♦✈✐❞❡ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦♥ ♦♥❡ s✐❞❡ ❛♥❞ ❛❞✈❡rt✐s❡rs ♣✉r❝❤❛s❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ✇❤✐❝❤
✐s ❞✐s❝❧♦s❡❞ ♦♥ t❤❡ ♦t❤❡r s✐❞❡✳ ▼♦st ❛♣♣❧✐❝❛t✐♦♥s ✐♥ t❤❡ ❧✐t❡r❛t✉r❡ ❝♦♥s✐❞❡r s❡tt✐♥❣s ✇❤❡r❡ ❡❛❝❤ s✐❞❡
♦❢ t❤❡ ♠❛r❦❡t ❜❡♥❡✜ts ❢r♦♠ ♣❛rt✐❝✐♣❛t✐♦♥ ♦♥ t❤❡ ♦t❤❡r s✐❞❡✱ ✐♠♣❧②✐♥❣ t❤❛t ♣♦s✐t✐✈❡ ❡①t❡r♥❛❧✐t✐❡s
❛r❡ ♣r❡s❡♥t ❜❡t✇❡❡♥ ❜♦t❤ s✐❞❡s✳ ■♥ ♦✉r s❡tt✐♥❣✱ s✐♠✐❧❛r❧② t♦ ❈❛s❛❞❡s✉s✲▼❛s❛♥❡❧❧ ❛♥❞ ❩❤✉ ✭✷✵✶✵✮✱
❝♦♥s✉♠❡rs ❜❡♥❡✜t ❢r♦♠ t❤❡ s❡r✈✐❝❡s ♣r♦✈✐❞❡❞ ❜② t❤❡ ✐♥t❡r♠❡❞✐❛r② ✜r♠s ❜✉t ❞❡r✐✈❡ ❞✐s✉t✐❧✐t② ❢r♦♠
❞✐s❝❧♦s✉r❡✱ ✐♠♣❧②✐♥❣ t❤❛t t❤❡ ❞✐s❝❧♦s✉r❡ s✐❞❡ ❣❡♥❡r❛t❡s ♥❡❣❛t✐✈❡ ❡①t❡r♥❛❧✐t✐❡s ♦♥ t❤❡ ❝♦♥s✉♠❡r s✐❞❡✳
❚❤✉s ♦✉r ♠♦❞❡❧ ❛❧s♦ ❛❞❞r❡ss❡s t❤❡ q✉❡st✐♦♥ ♦❢ ✇❤❡♥ ✐t ✐s ♦♣t✐♠❛❧ ❢♦r ✜r♠s t♦ ❛❞♦♣t ❛ ♦♥❡✲s✐❞❡❞
❜✉s✐♥❡ss ♠♦❞❡❧ ❛♥❞ ❡①❝❧✉❞❡ t❤❡ s✐❞❡ t❤❛t ❣❡♥❡r❛t❡s ♥❡❣❛t✐✈❡ ❡①t❡r♥❛❧✐t✐❡s✳
❖✉r ♠♦❞❡❧ ❞♦❡s ♥♦t ❡①♣❧✐❝✐t❧② ❛❞❞r❡ss t❤❡ r❛t✐♦♥❛❧❡ ❢♦r ✐♥t❡r♠❡❞✐❛t✐♦♥ ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✱
t❤♦✉❣❤ ✇❡ ♥♦t❡ t❤❛t s✉❝❤ ✐♥t❡r♠❡❞✐❛t✐♦♥ ✐s ❝♦♥s✐st❡♥t ✇✐t❤ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥❡❣❛t✐✈❡ ❡①t❡r♥❛❧✐t✐❡s✳
❙❛♥❞❤♦❧♠ ✭✷✵✵✺✮ ♣r♦✈✐❞❡s ❛ ❣❡♥❡r❛❧ ❢r❛♠❡✇♦r❦ t♦ s❤♦✇ t❤❛t ♣r✐❝✐♥❣ s❝❤❡♠❡s ❝❛♥ ✐♠♣r♦✈❡ ❡✣❝✐❡♥❝②
✐♥ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ♥❡❣❛t✐✈❡ ❡①t❡r♥❛❧✐t✐❡s✳ ❋♦r t❤❡ ❝❛s❡ ♦❢ ❛❞✈❡rt✐s✐♥❣✱ ✐♥t❡r♠❡❞✐❛t✐♦♥ ❝❛♥ ✐♠♣r♦✈❡
t❛r❣❡t✐♥❣ ♣r❡❝✐s✐♦♥ ❛♥❞ r❡❞✉❝❡ t❤❡ ❛tt❡♥t✐♦♥ ❝♦sts ✐♠♣♦s❡❞ ♦♥ ❝♦♥s✉♠❡rs✱ t❤❡r❡❜② ✐♥❝r❡❛s✐♥❣ ❛❧✲
❧♦❝❛t✐✈❡ ❡✣❝✐❡♥❝② ❛s ❛♥❛❧②③❡❞ ❜② ❱❛♥ ❩❛♥❞t ✭✷✵✵✹✮✳ ❖✉r ♠♦❞❡❧ ♣r♦✈✐❞❡s ❛ r✐❝❤ ❝❤❛r❛❝t❡r✐③❛t✐♦♥
♦❢ t❤❡ ❝♦♥s✉♠❡r s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t ❜✉t ✐♥ t✉r♥ s✐♠♣❧✐✜❡s t❤❡ ❞✐s❝❧♦s✉r❡ s✐❞❡✱ ✇❤❡r❡ ♣r✐❝❡s ❛r❡
❛ss✉♠❡❞ t♦ ❜❡ ✜①❡❞ ❛♥❞ ❡①♦❣❡♥♦✉s ❛♥❞ t❤❡r❡❢♦r❡ ✉♥❛✛❡❝t❡❞ ❜② t❤❡ ❛❝t✐♦♥s ♦❢ ✜r♠s✳ ❚❤❡ ♣r✐❝✐♥❣
♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ✐s ❛ ❝♦♠♣❧❡① ♣r♦❜❧❡♠ ❛♥❞ ✐s ❜❡②♦♥❞ t❤❡ s❝♦♣❡ ♦❢ ♦✉r ❛♥❛❧②s✐s✳ ❇❛❝❝❛r❛
✭✷✵✵✼✮ ♣r❡s❡♥ts ❛ ❣❡♥❡r❛❧ ❡q✉✐❧✐❜r✐✉♠ ♠♦❞❡❧ t❤❛t ❡①♣❧❛✐♥s t❤❡ ♣r✐❝❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ✐♥ t❤❡ ❘✫❉
❝♦♥t❡①t✱ ✇❤❡r❡ ❝♦♥tr❛❝t♦rs ♠❛② ❞✐s❝❧♦s❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♦❢ t❤❡✐r ❝✉st♦♠❡rs✱ ❛♥❞ ✜♥❞s t❤❛t ❤✐❣❤❡r
❝♦♥❝❡♥tr❛t✐♦♥ ✐♥ t❤❡ ♠❛r❦❡t ❢♦r ✐♥❢♦r♠❛t✐♦♥ ✭❢❡✇❡r ❝♦♥tr❛❝t♦rs ✇✐t❤ ❤✐❣❤❡r ♠❛r❦❡t ♣♦✇❡r✮ r❛✐s❡s
t❤❡ ♣r✐❝❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥✳ ■♥ ♦✉r ♠♦❞❡❧✱ s✉❝❤ ❛♥ ❡✛❡❝t ✇♦✉❧❞ r❡❞✉❝❡ t❤❡ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ✜r♠s
❞❡r✐✈❡ ✇❤❡♥ s✐♠✉❧t❛♥❡♦✉s❧② ❡♥❣❛❣✐♥❣ ✐♥ ❞✐s❝❧♦s✉r❡✱ r❡✐♥❢♦r❝✐♥❣ t❤❡ ✐♥❝❡♥t✐✈❡s ❢♦r ❞✐✛❡r❡♥t✐❛t✐♦♥✳✹
❆ r❡❝❡♥t str❛♥❞ ♦❢ t❤❡ t❤❡♦r❡t✐❝❛❧ ❧✐t❡r❛t✉r❡ ❤❛s ❡①❛♠✐♥❡❞ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝♦♥s✉♠❡r ♣r✐✈❛❝②
✇✐t❤ r❡❣❛r❞ t♦ ❛♥♦♥②♠✐t② ❛♥❞ ♣r✐❝❡ ❞✐s❝r✐♠✐♥❛t✐♦♥✳ ■❢ ✜r♠s ❝❛♥ ✐❞❡♥t✐❢② r❡t✉r♥✐♥❣ ❝♦♥s✉♠❡rs✱
t❤❡② ♠❛② ✐♥❢❡r t❤❡✐r ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❛♥❞ s❡t ♣r✐❝❡s ❛❝❝♦r❞✐♥❣❧②✳ ❱✐❧❧❛s✲❇♦❛s ✭✷✵✵✹✮ ❝♦♥s✐❞❡rs t❤❡
❝❛s❡ ♦❢ ❛ ♠♦♥♦♣♦❧✐st ❢❛❝✐♥❣ ❜♦t❤ ♥❡✇ ❛♥❞ r❡t✉r♥✐♥❣ ❝♦♥s✉♠❡rs✱ ❛♥❞ s❤♦✇s t❤❛t ♦♣t✐♠❛❧ ♣r✐❝✐♥❣
❝❛♥ ❡①❤✐❜✐t ♣r✐❝❡ ❝②❝❧❡s ♦✈❡r t✐♠❡✳ ❚❛②❧♦r ✭✷✵✵✹✮ ❝♦♥s✐❞❡rs t❤❡ ❝❛s❡ ♦❢ t✇♦ s❡q✉❡♥t✐❛❧ s❡❧❧❡rs ❛♥❞
❡①❛♠✐♥❡s ❤♦✇ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ❜❡t✇❡❡♥ s❡❧❧❡rs ❛✛❡❝ts t❤❡✐r ♣r✐❝✐♥❣ str❛t❡❣✐❡s✳ ❆❝q✉✐st✐ ❛♥❞
❱❛r✐❛♥ ✭✷✵✵✺✮ ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ✇❤❡r❡ s♦♣❤✐st✐❝❛t❡❞ ❝♦♥s✉♠❡rs ❝❛♥ ✉s❡ ❛♥♦♥②♠✐③✐♥❣ t♦♦❧s ❛♥❞
✜r♠s ❝❛♥ ♦✛❡r ✐♠♣r♦✈❡❞ s❡r✈✐❝❡ t♦ t❤♦s❡ t❤❛t ❝❤♦♦s❡ t♦ r❡♠❛✐♥ ✐❞❡♥t✐✜❛❜❧❡✳ ❈♦♥✐t③❡r✱ ❚❛②❧♦r ❛♥❞
❲❛❣♠❛♥ ✭✷✵✶✷✮ ❛♥❛❧②③❡ t❤❡ ✐♠♣❛❝t ♦❢ t❤❡ ❝♦st ♦❢ ❛♥♦♥②♠✐t② ❢♦r ❝♦♥s✉♠❡rs ❢❛❝✐♥❣ ❛ ♠♦♥♦♣♦❧✐st✱
❛♥❞ s❤♦✇ t❤❛t ✐♥❝r❡❛s✐♥❣ t❤❡ ❝♦st ♦❢ ❛♥♦♥②♠✐t② ❝❛♥ ❜❡♥❡✜t ❝♦♥s✉♠❡rs✳
❖✉r ❢♦❝✉s ❞✐✛❡rs ❢r♦♠ t❤❡ ❛❜♦✈❡ ❝♦♥tr✐❜✉t✐♦♥s ✐♥ t❤❛t ✇❡ ❝♦♥s✐❞❡r t❤❡ ❡✛❡❝t ♦❢ ❝♦♥s✉♠❡r
✹❚❤❡ ♣r✐❝❡ ❝♦♠♠❛♥❞❡❞ ❜② t❤❡ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ ♦❢ ❝♦♥s✉♠❡rs ✇✐❧❧ ❛❧s♦ ❞❡♣❡♥❞ ♦♥ ✐ts ❜r♦❛❞❡r ❛✈❛✐❧❛❜✐❧✐t②✳ ◆♦t❡
t❤❛t ❝♦♥s✉♠❡rs s✐♥❣❧❡✲❤♦♠❡ ✐♥ ♦✉r ♠♦❞❡❧✱ s♦ ✜r♠s ❜❡❝♦♠❡ ❣❛t❡❦❡❡♣❡rs ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❡② ❛❝❝✉♠✉❧❛t❡ t❤r♦✉❣❤
t❤❡✐r s❡r✈✐❝❡s✳ ❘❡♣♦rts ❢r♦♠ t❤❡ ❞❛t❛ ❜r♦❦❡r❛❣❡ ✐♥❞✉str② s✉❣❣❡st t❤❛t ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ✐♥ ❛❜✉♥❞❛♥t s✉♣♣❧②
s✉❝❤ ❛s ♥❛♠❡s✱ ❛❞❞r❡ss❡s✱ ❛♥❞ ❡♠❛✐❧s✱ ❛s ✇❡❧❧ ❛s ❞❡♠♦❣r❛♣❤✐❝s ✐♥❝❧✉❞✐♥❣ ❛❣❡✱ r❛❝❡✱ ❛♥❞ ♦❝❝✉♣❛t✐♦♥✱ ❝♦♠♠❛♥❞ ❛ ❧♦✇
♣r✐❝❡ ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳ ■♥❢♦r♠❛t✐♦♥ ♦♥ s❡♥s✐t✐✈❡ t♦♣✐❝s s✉❝❤ ❛s ❤❡❛❧t❤ r❡❧❛t❡❞ ✐♥t❡r❡sts ❛♥❞ ❣❛♠❜❧✐♥❣ ♣r♦♣❡♥s✐t②✱
♦r t✐♠❡✲s❡♥s✐t✐✈❡ ❡✈❡♥ts s✉❝❤ ❛s ♠❛rr✐❛❣❡✱ ♣r❡❣♥❛♥❝②✱ ♦r ❞✐✈♦r❝❡✱ ❛r❡ ✐♥ ❧✐♠✐t❡❞ s✉♣♣❧② ❛♥❞ ❝♦♠♠❛♥❞ ❤✐❣❤❡r ♣r✐❝❡s✳
❙❡❡ ❢♦r ✐♥st❛♥❝❡ ❵❊✈❡r②t❤✐♥❣ ✇❡ ❦♥♦✇ ❛❜♦✉t ✇❤❛t ❞❛t❛ ❜r♦❦❡rs ❦♥♦✇ ❛❜♦✉t ②♦✉✬✱ Pr♦P✉❜❧✐❝❛✱ ▼❛r❝❤ ✼ ✷✵✶✸✳
✻
✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ♦♥ t❤❡ q✉❛❧✐t② ♦❢ s❡r✈✐❝❡s r❛t❤❡r t❤❛♥ ♦♥ ♣r✐❝❡s✳ ❖✉r ❛♣♣r♦❛❝❤ r❡❧❛t❡s t♦
t❤❛t ♦❢ ❆❦ç✉r❛ ❛♥❞ ❙r✐♥✐✈❛s❛♥ ✭✷✵✵✺✮✱ ✇❤♦ ✜rst ❡①❛♠✐♥❡❞ t❤❡ tr❛❞❡♦✛ ❢❛❝❡❞ ❜② t❤❡ ♠♦♥♦♣♦❧✐st
❞❡r✐✈✐♥❣ ❜♦t❤ s❛❧❡s r❡✈❡♥✉❡s ❛♥❞ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s✳ ❚❤❡② ❛♥❛❧②③❡ t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠♦♥♦♣♦❧✐st
❞❡❝✐❞❡s t❤❡ s✉♣♣❧② ♦❢ ✐♥❢♦r♠❛t✐♦♥ r❡q✉✐r❡❞ ♦❢ ❝♦♥s✉♠❡rs ✐♥ ♦r❞❡r ❢♦r t❤❡♠ t♦ ♣❛rt✐❝✐♣❛t❡ ✐♥ t❤❡
s❡r✈✐❝❡✳ ❖✉r ❛♣♣r♦❛❝❤ ❞✐✛❡rs ✐♥ t❤❛t ✇❡ ❡①❛♠✐♥❡ t❤❡ ❝❛s❡ ✇❤❡r❡ ❝♦♥s✉♠❡rs ✉♥✐❧❛t❡r❛❧❧② ❞❡❝✐❞❡ ❤♦✇
♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥ t♦ ♣r♦✈✐❞❡ ❛♥❞ ✇❡ ❛❧s♦ ❛♥❛❧②③❡ ❝♦♠♣❡t✐t✐♦♥✳ ❇❡❝❛✉s❡ ❝♦♥s✉♠❡rs ❞❡r✐✈❡ ♣♦s✐t✐✈❡
✉t✐❧✐t② ❢r♦♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ✐♥ ♦✉r ♠♦❞❡❧✱ ♦✉r ❛♣♣r♦❛❝❤ ✐s ❜❡tt❡r s✉✐t❡❞ t♦ ❛♣♣❧✐❝❛t✐♦♥s
✇❤❡r❡ ❝♦♥s✉♠❡rs ❞✐r❡❝t❧② ❜❡♥❡✜t ❢r♦♠ ♣r♦✈✐❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ✭❡✳❣✳✱ s❡❛r❝❤ ❡♥❣✐♥❡s✱ ❝❧♦✉❞ st♦r❛❣❡✮
❛♥❞ ❆❦ç✉r❛ ❛♥❞ ❙r✐♥✐✈❛s❛♥✬s ♠♦❞❡❧ ✐s ❜❡tt❡r s✉✐t❡❞ t♦ ❛♣♣❧✐❝❛t✐♦♥s ✇❤❡r❡ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥
♠❛✐♥❧② ❜❡♥❡✜ts t❤❡ ✜r♠ ✭❡✳❣✳✱ ❛✐r❧✐♥❡ ❜♦♦❦✐♥❣s✱ r❡t❛✐❧ ❜❛♥❦✐♥❣✮✳ ❲❡ ❢✉rt❤❡r r❡❧❛t❡ ♦✉r ✜♥❞✐♥❣s t♦
t❤♦s❡ ♦❢ ❆❦ç✉r❛ ❛♥❞ ❙r✐♥✐✈❛s❛♥ ✐♥ ♦✉r ♠♦♥♦♣♦❧② ❛♥❛❧②s✐s ✐♥ ❙❡❝t✐♦♥ ✸✳
■♥ r❡❝❡♥t ②❡❛rs✱ s❡✈❡r❛❧ ♣❛♣❡rs ❤❛✈❡ ❡①❛♠✐♥❡❞ ❝♦♥s✉♠❡r ❛tt✐t✉❞❡s t♦✇❛r❞ ♦♥❧✐♥❡ ♣r✐✈❛❝②✳ ❈❤❡❧✲
❧❛♣♣❛ ❛♥❞ ❙✐♥ ✭✷✵✵✺✮ ♣r❡s❡♥t ❛ s✉r✈❡② t♦ ❡✈❛❧✉❛t❡ t❤❡ tr❛❞❡♦✛ ❝♦♥s✉♠❡rs ❢❛❝❡ ✇❤❡♥ ♣r♦✈✐❞✐♥❣
♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ t♦ ♦♥❧✐♥❡ s❡r✈✐❝❡s✳ ❚❤❡② ♠❡❛s✉r❡ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ ♣❡rs♦♥❛❧✐③❛t✐♦♥
❜❡♥❡✜ts ❛s ✇❡❧❧ ❛s ❝♦♥s✉♠❡r ❝♦♥❝❡r♥s r❡❣❛r❞✐♥❣ ❛❧t❡r♥❛t✐✈❡ ✉s❡s ♦❢ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ❜② t❤❡ ✜r♠✳
❚❤❡② ✜♥❞ t❤❛t ❝♦♥s✉♠❡rs✬ ♣♦s✐t✐✈❡ ✈❛❧✉❛t✐♦♥ ❢♦r ♣❡rs♦♥❛❧✐③❛t✐♦♥ ❡①❝❡❡❞s t❤❡✐r ♥❡❣❛t✐✈❡ ❝♦♥❝❡r♥
❢♦r ♣r✐✈❛❝②✳ ❚s❛✐ ❡t ❛❧✳ ✭✷✵✶✶✮ r❡♣♦rt ❛♥ ♦♥❧✐♥❡ s❤♦♣♣✐♥❣ ❡①♣❡r✐♠❡♥t ❜❛s❡❞ ♦♥ ❛ s❡❛r❝❤ ❡♥❣✐♥❡
✇❤❡r❡ r❡s✉❧ts ❛r❡ ❛♥♥♦t❛t❡❞ ✇✐t❤ ♣r✐✈❛❝② r❛t✐♥❣s ❜❛s❡❞ ♦♥ s❡❧❧❡rs✬ ♣r✐✈❛❝② ♣♦❧✐❝✐❡s✳ ❚❤❡② ✜♥❞ t❤❛t
s✉❜❥❡❝ts ❛r❡ ✇✐❧❧✐♥❣ t♦ ♣❛② ❛ ♣r❡♠✐✉♠ ❢♦r ♣r✐✈❛❝② ✇❤❡♥ s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ✐s s❛❧✐❡♥t✳ ❚✉❝❦❡r ✭✷✵✶✶✮
❛♥❛❧②③❡s t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ❛ ♣❡rs♦♥❛❧✐③❡❞ ❛❞✈❡rt✐s✐♥❣ ❝❛♠♣❛✐❣♥ ✐♥ ❛ s♦❝✐❛❧ ♥❡t✇♦r❦✱ ❛♥❞ ✜♥❞s t❤❛t
✐t ✐s ♣♦s✐t✐✈❡❧② ❛✛❡❝t❡❞ ❜② ❝♦♥s✉♠❡rs✬ ♣❡r❝❡✐✈❡❞ ❝♦♥tr♦❧ ♦✈❡r t❤❡ ✉s❡ ♦❢ t❤❡✐r ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳
❚❤❡ ✜♥❞✐♥❣s r❡♣♦rt❡❞ ✐♥ t❤❡s❡ ♣❛♣❡rs s✉❣❣❡st t❤❛t ❝♦♥s✉♠❡rs ❛❝❝♦✉♥t ❢♦r ♣r✐✈❛❝② ❝♦♥s✐❞❡r❛t✐♦♥s
✇❤❡♥ ❞❡❝✐❞✐♥❣ ✇❤✐❝❤ ✜r♠s t♦ ♣❛tr♦♥✐③❡ ❛♥❞ ❤♦✇ ♠✉❝❤ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ t♦ ♣r♦✈✐❞❡✳
❖t❤❡r ❡♠♣✐r✐❝❛❧ ❝♦♥tr✐❜✉t✐♦♥s ❤❛✈❡ ❝♦♥s✐❞❡r❡❞ t❤❡ s✉♣♣❧② s✐❞❡ ♦❢ t❤❡ ♠❛r❦❡t✳ Pr❡✐❜✉s❝❤ ❛♥❞
❇♦♥♥❡❛✉ ✭✷✵✶✸✮ ❛♥❛❧②③❡ t❤❡ ❞❡❣r❡❡ ♦❢ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✐♥ t❤❡ ❞❛t❛ ❝♦❧❧❡❝t✐♦♥ ♣♦❧✐❝✐❡s ♦❢ ♠❛❥♦r ■♥t❡r♥❡t
s✐t❡s ❛❝❝♦r❞✐♥❣ t♦ tr❛✣❝ r❛♥❦ ✐♥ s❡✈❡r❛❧ s❡r✈✐❝❡ ❝❛t❡❣♦r✐❡s✳ ❚❤❡② ✜♥❞ ❛ s✐❣♥✐✜❝❛♥t ❞❡❣r❡❡ ♦❢
❞✐✛❡r❡♥t✐❛t✐♦♥ ✐♥ s❡❛r❝❤ ❡♥❣✐♥❡s ❛♥❞ s♦❝✐❛❧ ♥❡t✇♦r❦✐♥❣✱ ❝❛t❡❣♦r✐❡s t❤❛t ♠❡❡t t❤❡ ❝❤❛r❛❝t❡r✐st✐❝s
♦❢ t❤♦s❡ ❝♦♥s✐❞❡r❡❞ ❤❡r❡✳ ❚❤❡② ❛❧s♦ ✜♥❞ t❤❛t s❡r✈✐❝❡s ♦♣❡r❛t✐♥❣ ✉♥❞❡r ❧❡ss ❝♦♠♣❡t✐t✐♦♥ t❡♥❞ t♦
r❡q✉❡st ❝♦♥s✉♠❡rs t♦ s✉♣♣❧② ♠♦r❡ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ●♦❧❞❢❛r❜ ❛♥❞ ❚✉❝❦❡r ✭✷✵✶✵✮ ❡✈❛❧✉❛t❡
t❤❡ ✐♠♣❛❝t ♦❢ ♣r✐✈❛❝② r❡❣✉❧❛t✐♦♥s ✐♥ ❊✉r♦♣❡ ♦♥ t❤❡ ❡✛❡❝t✐✈❡♥❡ss ♦❢ ♦♥❧✐♥❡ ❛❞✈❡rt✐s✐♥❣✳ ❚❤❡s❡
r❡❣✉❧❛t✐♦♥s r❡str✐❝t t❤❡ ✐♥❢♦r♠❛t✐♦♥ t❤❛t ❝❛♥ ❜❡ ❝♦❧❧❡❝t❡❞ ❛♥❞ ♣r♦❝❡ss❡❞ ❢r♦♠ ❝♦♥s✉♠❡rs ❢♦r t❤❡
♣✉r♣♦s❡ ♦❢ t❛r❣❡t❡❞ ❛❞✈❡rt✐s✐♥❣✱ ✐♥ ❡✛❡❝t r❡str✐❝t✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ❜② ✜r♠s✳ ❚❤❡② ✜♥❞ t❤❛t
s✉❝❤ r❡str✐❝t✐♦♥s s✐❣♥✐✜❝❛♥t❧② r❡❞✉❝❡ ❛❞✈❡rt✐s✐♥❣ ❡✛❡❝t✐✈❡♥❡ss✱ ❛♥❞ s❤♦✉❧❞ t❤❡r❡❢♦r❡ ❜❡ ❡①♣❡❝t❡❞ t♦
r❡❞✉❝❡ t❤❡ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ♦❢ ✜r♠s✳
✼
✷ ❚❤❡ ♠♦❞❡❧
❈♦♥s✐❞❡r ❛ ♠❛r❦❡t ✇✐t❤ t✇♦ ✜r♠s ❛♥❞ ❛ ✉♥✐t ♠❛ss ♦❢ ❝♦♥s✉♠❡rs✳ ❋✐r♠s s✉♣♣❧② ❛ ❤♦♠♦❣❡♥❡♦✉s
s❡r✈✐❝❡ ❛♥❞ ❝♦♠♣❡t❡ ♦♥ t✇♦ s❡♣❛r❛t❡ ❞✐♠❡♥s✐♦♥s✿ ♣r✐❝❡ ❛♥❞ ♣r✐✈❛❝②✳ ❊❛❝❤ ✜r♠ s❡ts ❛ ♣r✐❝❡ pj
❛♥❞ ❛ ❧❡✈❡❧ ♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ dj ❢♦r ✐ts s❡r✈✐❝❡✳ ❈♦♥s✉♠❡rs ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥
t❤❡✐r ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ s❡r✈✐❝❡✱ ✇❤✐❝❤ ✐s ✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞ ❛❝r♦ss t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛t✐♦♥✳ ❚❤❡
✈❛❧✉❛t✐♦♥ ♦❢ ❝♦♥s✉♠❡r i ✐s ❣✐✈❡♥ ❜② vi ∼ U [V
−, V +]✳ ❋♦r tr❛❝t❛❜✐❧✐t②✱ ✇❡ r❡str✐❝t ♦✉r ❛♥❛❧②s✐s t♦
❡q✉✐❧✐❜r✐❛ ✇❤❡r❡ t❤❡ ♠❛r❦❡t ✐s ❝♦✈❡r❡❞✳ ❆ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥ t❤❛t ❣✉❛r❛♥t❡❡s ❢✉❧❧ ♠❛r❦❡t ❝♦✈❡r❛❣❡
✐s 0 < V − < V + < 2✳
❈♦♥s✉♠❡rs ♣❛rt✐❝✐♣❛t✐♥❣ ✐♥ t❤❡ ♠❛r❦❡t ❛♥❞ s✐❣♥✐♥❣ ✉♣ t♦ t❤❡ s❡r✈✐❝❡ ♦❢ ♦♥❡ ♦❢ t❤❡ ✜r♠s ❞❡❝✐❞❡
❤♦✇ ♠✉❝❤ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥ t♦ ♣r♦✈✐❞❡✱ ❛♥❞ ✇❡ ❞❡♥♦t❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ♦❢ ❝♦♥s✉♠❡r
i t♦ ✜r♠ j ❜② yi,j✳
✺ ❚❤❡ ✉t✐❧✐t② ❞❡r✐✈❡❞ ❜② ❝♦♥s✉♠❡r i ❢r♦♠ ✜r♠ j✱ ❣✐✈❡♥ ♣r✐❝❡ pj ❛♥❞ ❞✐s❝❧♦s✉r❡
❧❡✈❡❧ dj✱ ✐s ❣✐✈❡♥ ❜②
ui,j = vi yi,j(1− yi,j − dj)− pj, ✭✶✮
✇❤❡r❡ t❤❡ ❡①♣r❡ss✐♦♥ yi,j(1 − yi,j − dj) ❝❛♣t✉r❡s t❤❡ ✐♥❢♦r♠❛t✐♦♥❛❧ q✉❛❧✐t② ♦❢ ✜r♠ j✬s s❡r✈✐❝❡ ❢♦r
❝♦♥s✉♠❡r i✳ ❚❤❡ s♣❡❝✐✜❝❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t ✐♥❢♦r♠❛t✐♦♥❛❧ q✉❛❧✐t② ✐s ❝♦♥❝❛✈❡ ✐♥ yi,j ❛♥❞ ❞❡❝r❡❛s✐♥❣
✐♥ dj✱ s♦ ❝♦♥s✉♠❡rs st❛♥❞ t♦ ❜❡♥❡✜t ❢r♦♠ ♣r♦✈✐❞✐♥❣ ✐♥❢♦r♠❛t✐♦♥ yi,j t♦ t❤❡ ✜r♠ ❜✉t ✐♥❝✉r ❞✐s✉t✐❧✐t②
❢r♦♠ ✜r♠ ❞✐s❝❧♦s✉r❡ dj✳
✻ ❚❤❡ ♠❛r❣✐♥❛❧ ❜❡♥❡✜t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ✐s ❞❡❝r❡❛s✐♥❣✿ t❤❡ ✐♥❢♦r✲
♠❛t✐♦♥ ♣r♦✈✐❞❡❞ ❜② ❡❛❝❤ ❝♦♥s✉♠❡r ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ✐ts r❡❧❡✈❛♥❝❡ t♦ t❤❡ s❡r✈✐❝❡✳ ❇♦t❤ yi,j ❛♥❞ dj
❛r❡ ❡♥❞♦❣❡♥♦✉s ❛♥❞ ✇✐❧❧ ❜❡ ❥♦✐♥t❧② ❞❡t❡r♠✐♥❡❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❈♦♥s✉♠❡rs ♥❡❡❞ t♦ ♣r♦✈✐❞❡ s♦♠❡
✐♥❢♦r♠❛t✐♦♥ t♦ ❞❡r✐✈❡ ♣♦s✐t✐✈❡ ✉t✐❧✐t② ❢r♦♠ t❤❡ s❡r✈✐❝❡ ❛♥❞ ✜r♠s ♠❛② ❝❤♦♦s❡ t♦ ❡♥❣❛❣❡ ♦r ♥♦t ✐♥
❞✐s❝❧♦s✉r❡✱ yi,j ≥ 0 ❛♥❞ dj ≥ 0✳ ❆❧s♦ ♥♦t❡ t❤❛t t❤❡ ✜rst t❡r♠ ♦♥ t❤❡ r✐❣❤t✲❤❛♥❞ s✐❞❡ ♦❢ ✭✶✮ ✐❞❡♥t✐✜❡s
t❤❡ ❝♦♥s✉♠❡r✬s ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r t❤❡ s❡r✈✐❝❡✳ ❈♦♥s✉♠❡rs ♠❛② s✐❣♥ ✉♣ ❢♦r t❤❡ s❡r✈✐❝❡ ♦❢ ♦♥❡
♦❢ t❤❡ ✜r♠s ♦r r❡♠❛✐♥ ♦✉t ♦❢ t❤❡ ♠❛r❦❡t✱ ❛♥❞ s♦ ✇❡ ♥♦r♠❛❧✐③❡ t❤❡ ♦✉ts✐❞❡ ✉t✐❧✐t② ♦❢ ❝♦♥s✉♠❡rs t♦
③❡r♦✳
❋✐r♠ ♣r♦✜ts ♦r✐❣✐♥❛t❡ ❢r♦♠ t✇♦ r❡✈❡♥✉❡ s♦✉r❝❡s✱ t❤❡ ♣r✐❝❡s ❞✐r❡❝t❧② ❝❤❛r❣❡❞ t♦ ❝♦♥s✉♠❡rs ❛♥❞
❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ♦r✐❣✐♥❛t✐♥❣ ❢r♦♠ t❤❡ ❡①♣❧♦✐t❛t✐♦♥ ♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥✳ ❲❡ s✐♠♣❧✐❢② t❤❡
❧❛tt❡r ❜② ❛❞♦♣t✐♥❣ ❛ r❡❞✉❝❡❞ ❢♦r♠ ❢♦r ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s✳ ❚❤❡ ♣r♦✜ts ♦❢ ✜r♠ j ✇❤❡♥ s❡r✈✐♥❣
❝♦♥s✉♠❡rs vi ∈ [v
−
j , v
+
j ] ❛r❡ ❣✐✈❡♥ ❜②
pij =
1
V + − V −
ˆ v+j
v−j
pj + dj yi,j dvi.
❖✉r s♣❡❝✐✜❝❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t ❞✐s❝❧♦s✉r❡ ♣r✐❝❡s ❛r❡ ❡①♦❣❡♥♦✉s ❛♥❞ ❛r❡ ♥♦r♠❛❧✐③❡❞ t♦ 1✳ ◆♦t❡
✺❲❤❡♥ ✉s❛❣❡ ♦❢ t❤❡ s❡r✈✐❝❡ ✐♠♣❧✐❡s ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥✱ yi,j ❝❛♥ ❛❧s♦ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s ✉s❛❣❡ ✐♥t❡♥s✐t②✳
✻❲❡ ❛ss✉♠❡ ❢♦r s✐♠♣❧✐❝✐t② t❤❛t ❝♦♥s✉♠❡rs ❛❧✇❛②s ❞❡r✐✈❡ ❞✐s✉t✐❧✐t② ❢r♦♠ ❞✐s❝❧♦s✉r❡✳ ■❢ ❝♦♥s✉♠❡rs ❡①❤✐❜✐t ❛♥
❛❝❝❡♣t❛♥❝❡ t❤r❡s❤♦❧❞ ❢♦r ❞✐s❝❧♦s✉r❡✱ ❢♦r ❡①❛♠♣❧❡ ✐❢ ❛ ❝❡rt❛✐♥ ❞❡❣r❡❡ ♦❢ ❛❞✈❡rt✐s✐♥❣ ✐s ❛❝❝❡♣t❛❜❧❡✱ t❤❡♥ ❞✐s❝❧♦s✉r❡ ✐♥
♦✉r ♠♦❞❡❧ ❝❛♥ ❜❡ ✐♥t❡r♣r❡t❡❞ ❛s t❤❡ ❧❡✈❡❧ ♦❢ ❡①❝❡ss ❛❞✈❡rt✐s✐♥❣ t❤❛t ✜r♠s ❡♥❣❛❣❡ ✐♥✳
✽
❤♦✇❡✈❡r t❤❛t t❤❡ r❡❧❛t✐✈❡ ✇❡✐❣❤t ♦❢ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ♣r✐❝❡ r❡✈❡♥✉❡s ❝❤❛r❣❡❞
t♦ ❝♦♥s✉♠❡rs ✇✐❧❧ ❞❡♣❡♥❞ ♦♥ ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②✱ ✇❤✐❝❤ ✐♥ t✉r♥ ❞❡♣❡♥❞s ♦♥ t❤❡ ✜r♠✬s ❧❡✈❡❧
♦❢ ❞✐s❝❧♦s✉r❡ ❛♥❞ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ s❡r✈✐❝❡✳ ❚❤❡ ❜♦✉♥❞❛r✐❡s ♦♥ V − ❛♥❞ V + ❡♥s✉r❡ t❤❛t
t❤❡ ❛♥❛❧②s✐s ❡♥❝♦♠♣❛ss❡s ❝❛s❡s ✇❤❡r❡ ❢❡❛s✐❜❧❡ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❛r❡ ❤✐❣❤❡r t❤❛♥ ♣r✐❝❡ r❡✈❡♥✉❡s
❛♥❞ ❝❛s❡s ✇❤❡r❡ t❤❡② ❛r❡ ❧♦✇❡r✳ ❲❡ ❛❧s♦ ❧❡t ✜r♠s s❡t ♥❡❣❛t✐✈❡ ♣r✐❝❡s ✐❢ t❤❡② ❝❤♦♦s❡ t♦ s✉❜s✐❞✐③❡
❝♦♥s✉♠❡rs✳ ❲❡ ❛ss✉♠❡ t❤❛t ✜r♠s ❢❛❝❡ ③❡r♦ ♠❛r❣✐♥❛❧ ❝♦sts t♦ s✐♠♣❧✐❢② t❤❡ ❛♥❛❧②s✐s✱ ❛♥❞ ✇✐t❤♦✉t
❧♦ss ♦❢ ❣❡♥❡r❛❧✐t②✱ ❛ss✉♠❡ ✜①❡❞ ❝♦sts ❛r❡ ③❡r♦✳
❚❤❡ t✐♠✐♥❣ ♦❢ t❤❡ ❣❛♠❡ ✐s ❛s ❢♦❧❧♦✇s✳ ■♥ t❤❡ ✜rst st❛❣❡✱ ✜r♠s s✐♠✉❧t❛♥❡♦✉s❧② s❡t t❤❡✐r ❞✐s❝❧♦s✉r❡
❧❡✈❡❧ dj✳ ■♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ ✜r♠s s✐♠✉❧t❛♥❡♦✉s❧② s❡t ♣r✐❝❡s pj✳ ■♥ t❤❡ t❤✐r❞ st❛❣❡✱ ❤❛✈✐♥❣ ♦❜s❡r✈❡❞
❞✐s❝❧♦s✉r❡s ❛♥❞ ♣r✐❝❡s✱ ❝♦♥s✉♠❡rs ❝❤♦♦s❡ t♦ s✐❣♥ ✉♣ ❢♦r t❤❡ s❡r✈✐❝❡ ♦✛❡r❡❞ ❜② ♦♥❡ ♦❢ t❤❡ ✜r♠s ♦r
t♦ st❛② ♦✉t ♦❢ t❤❡ ♠❛r❦❡t✳ ■♥ t❤❡ ❢♦✉rt❤ st❛❣❡✱ ❝♦♥s✉♠❡rs ♣❛tr♦♥✐③✐♥❣ ❛ ✜r♠ ❞❡❝✐❞❡ ❤♦✇ ♠✉❝❤
✐♥❢♦r♠❛t✐♦♥ yi,j t♦ ♣r♦✈✐❞❡ ✐t ✇✐t❤✳
❋✐r♠s ❛r❡ ❝♦♠♠✐tt❡❞ t♦ t❤❡ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ t❤❡② ❛♥♥♦✉♥❝❡ ✐♥ t❤❡ ✜rst st❛❣❡ ❛♥❞ ❝❛♥♥♦t
✐♥❝r❡❛s❡ ✐t ❛❢t❡r ♦❜t❛✐♥✐♥❣ ❝♦♥s✉♠❡rs✬ ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ❚❤✐s ♠♦❞❡❧✐♥❣ ❛ss✉♠♣t✐♦♥ r❡✢❡❝ts
t❤❡ ❢❛❝t t❤❛t r❡♣✉t❛t✐♦♥❛❧ ❝♦♥❝❡r♥s ❛♥❞ ♣r✐✈❛❝② r❡❣✉❧❛t✐♦♥s ♠❛❦❡ ✐t ❝♦st❧② ❢♦r ✜r♠s t♦ ❜❛❝❦tr❛❝❦
♦♥ t❤❡✐r ❞✐s❝❧♦s✉r❡ ❝♦♠♠✐t♠❡♥ts ♦r t♦ ❞❡❝❡✐✈❡ ❝♦♥s✉♠❡rs✳ ❋♦r ❡①❛♠♣❧❡✱ t❤❡ ●r❛♠♠✲▲❡❛❝❤✲❇❧✐❧❡②
❆❝t r❡q✉✐r❡s ❯❙ ✜♥❛♥❝✐❛❧ ✐♥st✐t✉t✐♦♥s t♦ ♣r♦✈✐❞❡ ❝♦♥s✉♠❡rs ✇✐t❤ ❛ ♥♦t✐❝❡ ❛♥❞ ♦♣t✲♦✉t ♦♣♣♦rt✉♥✐t②
❜❡❢♦r❡ t❤❡② ❞✐s❝❧♦s❡ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ t♦ ✉♥❛✣❧✐❛t❡❞ t❤✐r❞✲♣❛rt✐❡s✱ ♠❛❦✐♥❣ ✐t ❝♦st❧② ❢♦r ✜r♠s t♦
✐♥❝r❡❛s❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ❡①✲♣♦st✳ ❆♥♦t❤❡r ❡①❛♠♣❧❡ ✐s t❤❛t ♦❢ ❯❙ r❡t❛✐❧❡r ❚♦②s♠❛rt✳❝♦♠✱
✇❤✐❝❤ ❛❢t❡r ✜❧✐♥❣ ❢♦r ❜❛♥❦r✉♣t❝② ✇❛s ❜❧♦❝❦❡❞ ❜② t❤❡ ❋❚❈ ❢r♦♠ s❡❧❧✐♥❣ ❝✉st♦♠❡r ✐♥❢♦r♠❛t✐♦♥✳ ❚❤❡
s❛❧❡ ✇❛s ❝♦♥s✐❞❡r❡❞ ❞❡❝❡✐t❢✉❧ t♦ ❝♦♥s✉♠❡rs ❜❡❝❛✉s❡ t❤❡ ❝♦♠♣❛♥②✬s ♣r✐✈❛❝② ♣♦❧✐❝② st❛t❡❞ t❤❛t ✏✇❤❡♥
②♦✉ r❡❣✐st❡r ✇✐t❤ ❚♦②s♠❛rt✳❝♦♠✱ ②♦✉ ❝❛♥ r❡st ❛ss✉r❡❞ t❤❛t ②♦✉r ✐♥❢♦r♠❛t✐♦♥ ✇✐❧❧ ♥❡✈❡r ❜❡ s❤❛r❡❞
✇✐t❤ ❛ t❤✐r❞✲♣❛rt②✳✑✼
✸ ▼♦♥♦♣♦❧② ❜❡♥❝❤♠❛r❦
❲❡ st❛rt ♦✉r ❛♥❛❧②s✐s ❜② ❝♦♥s✐❞❡r✐♥❣ t❤❡ ♠♦♥♦♣♦❧② ❝❛s❡✱ ✇❤✐❝❤ s❡r✈❡s ❛s ❛ ❜❡♥❝❤♠❛r❦ t♦ ❡✈❛❧✉❛t❡
t❤❡ ✐♠♣❛❝t ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥✳ ❲❡ ♣r♦❝❡❡❞ t♦ s♦❧✈❡ t❤❡ ♠♦♥♦♣♦❧✐st✬s ♦♣t✐♠✐③❛t✐♦♥
♣r♦❣r❛♠ ❜② ❜❛❝❦✇❛r❞s ✐♥❞✉❝t✐♦♥✳
■♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥✳ ❈♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥s✉♠❡r i ✐♥ t❤❡ ❢♦✉rt❤ st❛❣❡ ✇❤❡♥ ❞❡❝✐❞✐♥❣
❤♦✇ ♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥ t♦ ♣r♦✈✐❞❡ ✜r♠ j ✇✐t❤ ✇❤❡♥ ✉s✐♥❣ ✐ts s❡r✈✐❝❡✳ ❚❤❡ ❝♦♥s✉♠❡r ♠❛①✐♠✐③❡s ui,j
✐♥ ✭✶✮ ❜② ❝❤♦♦s✐♥❣ yi,j ❣✐✈❡♥ t❤❡ ✜r♠✬s ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧ dj ❛♥❞ ♣r✐❝❡ pj✱ ✇❤✐❝❤ ✐♠♣❧✐❡s
yi,j =
1− dj
2
= yj. ✭✷✮
❖♣t✐♠❛❧ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ✐s ❤♦♠♦❣❡♥❡♦✉s ❛❝r♦ss ❝♦♥s✉♠❡rs✱ yi,j = yi′,j ❢♦r ❛❧❧ i ❛♥❞ i
′✱ s♦ t❤❛t
✼❙❡❡ ❵❋❚❈ ❙✉❡s ❋❛✐❧❡❞ ❲❡❜s✐t❡✱ ❚♦②s♠❛rt✳❝♦♠✱ ❢♦r ❉❡❝❡♣t✐✈❡❧② ❖✛❡r✐♥❣ ❢♦r ❙❛❧❡ P❡rs♦♥❛❧ ■♥❢♦r♠❛t✐♦♥ ♦❢ ❲❡❜s✐t❡
❱✐s✐t♦rs✱✬ ❋❚❈ ♣r❡ss r❡❧❡❛s❡✱ ❏✉❧② ✷✵✵✵✳
✾
t❤❡ ✜r♠ ♦❜t❛✐♥s t❤❡ s❛♠❡ ❛♠♦✉♥t ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ❡❛❝❤ ♦❢ ✐ts ✉s❡rs✳
P✉r❝❤❛s✐♥❣ ❞❡❝✐s✐♦♥s✳ ❲❡ ♥❡①t ❝♦♥s✐❞❡r t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥s✉♠❡r i ✐♥ t❤❡ t❤✐r❞ st❛❣❡ ✇❤❡♥
❞❡❝✐❞✐♥❣ t♦ s✐❣♥ ✉♣ ❢♦r ✜r♠ j✬s s❡r✈✐❝❡ ♦r st❛② ♦✉t ♦❢ t❤❡ ♠❛r❦❡t✳ ❚❤❡ ❝♦♥s✉♠❡r ❡✈❛❧✉❛t❡s t❤❡ ✉t✐❧✐t②
❞❡r✐✈❡❞ ❢r♦♠ t❤❡ s❡r✈✐❝❡ ❣✐✈❡♥ ❜② ui,j ✐♥ ✭✶✮✱ ❛♥t✐❝✐♣❛t✐♥❣ ♦♣t✐♠❛❧ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ❣✐✈❡♥ ❜②
✭✷✮✱ ❛♥❞ s✐❣♥s ✉♣ ♦♥❧② ✐❢ ui,j ≥ 0✳ ❲❡ ♣r♦❝❡❡❞ ❜② ✐❞❡♥t✐❢②✐♥❣ t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✛❡r❡♥t
❝♦♥s✉♠❡r vf ✇❤♦ ✐s str✐❝t❧② ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ s✐❣♥✐♥❣ ✉♣ ♦r ♥♦t✳ ❙♦❧✈✐♥❣ ❢♦r uf,j = 0 ②✐❡❧❞s
vf =
4pj
(1− dj)2
. ✭✸✮
◆♦t❡ t❤❛t ∂ui,j/∂vi > 0 ❣✐✈❡♥ ♦♣t✐♠❛❧ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ✐♥ ✭✷✮✱ s♦ ❝♦♥s✉♠❡rs ✇✐t❤ ❛ ❤✐❣❤❡r
✈❛❧✉❛t✐♦♥ t❤❛♥ t❤❡ ✐♥❞✐✛❡r❡♥t ❝♦♥s✉♠❡r vi > vf ✇✐❧❧ ♣r❡❢❡r t♦ s✐❣♥ ✉♣ ❛♥❞ t❤♦s❡ ✇✐t❤ ❧♦✇❡r ✈❛❧✉❛t✐♦♥
vi < vf ✇✐❧❧ ♣r❡❢❡r t♦ st❛② ♦✉t✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥ vf > V
−✱ s♦♠❡ ❝♦♥s✉♠❡rs ❞♦ ♥♦t s✐❣♥ ✉♣ ❛♥❞ t❤❡
♠❛r❦❡t ✐s ✉♥❝♦✈❡r❡❞✱ ❛♥❞ ✇❤❡♥ vf ≤ V
−✱ ❛❧❧ ❝♦♥s✉♠❡rs s✐❣♥ ✉♣ ❛♥❞ t❤❡ ♠❛r❦❡t ✐s ❝♦✈❡r❡❞✳ ❇❡❝❛✉s❡
t❤❡ ♠♦♥♦♣♦❧✐st✬s ❞❡♠❛♥❞ ❞✐✛❡rs ✐♥ t❤❡ ❝♦✈❡r❡❞ ❛♥❞ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥s✱ ❜♦t❤ ❝❛s❡s
♥❡❡❞ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ s❡♣❛r❛t❡❧② ✐♥ ✇❤❛t ❢♦❧❧♦✇s✳
▼♦♥♦♣♦❧② ♣r✐❝✐♥❣✳ ❲❡ ♥❡①t ❛♥❛❧②③❡ t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦❢ t❤❡ ♠♦♥♦♣♦❧✐st ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡
❣✐✈❡♥ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧ dm✳ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ♦❢ ❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t✳ ●✐✈❡♥ t❤❛t ❝♦♥s✉♠❡r
✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ✐♥ ✭✷✮ ✐s ❤♦♠♦❣❡♥❡♦✉s ❛❝r♦ss ❛❧❧ ❝♦♥s✉♠❡rs s✐❣♥✐♥❣ ✉♣ ❢♦r t❤❡ s❡r✈✐❝❡✱ ✇❡
❝❛♥ ✇r✐t❡ t❤❡ ♠♦♥♦♣♦❧✐st✬s ♣r♦✜ts ❛s
pium(pm, dm) =
V + − vf
V + − V −
(pm + dm ym), ✭✹✮
❛♥❞ s♦❧✈✐♥❣ ❢♦r t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ✐♥ ❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t✱ ❞❡♥♦t❡❞ ❜② pum✱ ♦❜t❛✐♥s
pum =
(1− dm)(V
+(1− dm)− 2dm)
8
. ✭✺✮
❈♦♥s✐❞❡r ♥❡①t t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦✈❡r❡❞ ♠❛r❦❡t✳ ▼♦♥♦♣♦❧② ♣r♦✜ts ❛r❡ t❤❡♥ ❣✐✈❡♥ ❜②
picm(pm, dm) = pm + dm ym, ✭✻✮
❛♥❞ t❤❡ ♠♦♥♦♣♦❧✐st✬s ♦♣t✐♠❛❧ ♣r✐❝❡ ✐♥ ❛ ❝♦✈❡r❡❞ ♠❛r❦❡t✱ ❞❡♥♦t❡❞ ❜② pcm✱ ✐s ❣✐✈❡♥ ❜② t❤❡ ❤✐❣❤❡st
♣r✐❝❡ t❤❛t ❡♥s✉r❡s ❛❧❧ ❝♦♥s✉♠❡rs s✐❣♥ ✉♣✳ ■♥ t❤✐s ❝❛s❡✱ t❤❡ ✐♥❞✐✛❡r❡♥t ❝♦♥s✉♠❡r vf ♠✉st ❝♦✐♥❝✐❞❡
✇✐t❤ t❤❡ ❝♦♥s✉♠❡r ✇✐t❤ t❤❡ ❧♦✇❡st ✈❛❧✉❛t✐♦♥ ✐♥ t❤❡ ♣♦♣✉❧❛t✐♦♥✳ ❊q✉❛t✐♥❣ vf (p
c
m, dm) = V
− ②✐❡❧❞s
pcm =
V −(1− dm)
2
4
. ✭✼✮
▼♦♥♦♣♦❧② ❞✐s❝❧♦s✉r❡✳ ❈♦♥s✐❞❡r t❤❡ ✜rst st❛❣❡ ✇❤❡♥ t❤❡ ♠♦♥♦♣♦❧✐st s❡ts ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧ dm✳
■♥s♣❡❝t✐♦♥ ♦❢ yj ✐♥ ✭✷✮ r❡✈❡❛❧s t❤❛t t❤❡ ✈❛❧✐❞ ❞✐s❝❧♦s✉r❡ r❛♥❣❡ ♦❢ t❤❡ ✜r♠ ✐s ❣✐✈❡♥ ❜② dj ∈ [0, 1]✱ ❣✐✈❡♥
t❤❛t ♥❡❣❛t✐✈❡ ❞✐s❝❧♦s✉r❡ ♦r ♥❡❣❛t✐✈❡ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ❛r❡ ❜♦t❤ ✉♥❢❡❛s✐❜❧❡✳ ■♥ ❛♥ ✉♥❝♦✈❡r❡❞
✶✵
♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥✱ ♣❧✉❣❣✐♥❣ ♦♣t✐♠❛❧ ♣r✐❝❡ pum ✐♥ ✭✺✮ ✐♥t♦ ♣r♦✜ts pi
u
m ✐♥ ✭✹✮ ♦❜t❛✐♥s ♠♦♥♦♣♦❧②
♣r♦✜ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❞✐s❝❧♦s✉r❡ pium(dm)✳ ▼❛①✐♠✐③✐♥❣ pi
u
m(dm) ✇✐t❤ r❡s♣❡❝t t♦ dm s✉❜❥❡❝t t♦ t❤❡
❝♦♥str❛✐♥t dm ≥ 0 ✭❢❡❛s✐❜❧❡ ❞✐s❝❧♦s✉r❡ r❛♥❣❡✮ ❛♥❞ vf (p
u
m, dm) > V
− ✭✉♥❝♦✈❡r❡❞ ♠❛r❦❡t✮ ♦❜t❛✐♥s
♦♣t✐♠❛❧ ❞✐s❝❧♦s✉r❡ ✐♥ ❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t✽
dum = 0 ✐❢ V
− <
2 + V +
2
❛♥❞ V + ≥ 2.
◆♦ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t s♦❧✉t✐♦♥ ❡①✐sts ♦✉ts✐❞❡ t❤✐s ♣❛r❛♠❡t❡r r❛♥❣❡✳ ❚❤❡r❡❢♦r❡✱ ❛ ♥❡❝❡ss❛r② ❝♦♥❞✐t✐♦♥
❢♦r t❤❡ ♠♦♥♦♣♦❧✐st t♦ ❝❤♦♦s❡ ♥♦t t♦ ❝♦✈❡r t❤❡ ♠❛r❦❡t ✐s V + ≥ 2✱ ✇❤✐❝❤ ✇❡ ❤❛✈❡ r✉❧❡❞ ♦✉t ✭s❡❡
❙❡❝t✐♦♥ ✷✮✳
❈♦♥s✐❞❡r ♥❡①t t❤❡ ❝❛s❡ ♦❢ ❛ ❝♦✈❡r❡❞ ♠❛r❦❡t✳ P❧✉❣❣✐♥❣ pcm ✐♥ ✭✼✮ ✐♥t♦ pi
c
m ✐♥ ✭✻✮ ♦❜t❛✐♥s ♣r♦✜ts
❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❞✐s❝❧♦s✉r❡ picm(dm)✳ ❘❡❝❛❧❧ t❤❛t ♦♣t✐♠❛❧ ♣r✐❝❡ p
c
m ❡♥s✉r❡s t❤❛t t❤❡ ♠❛r❦❡t ✐s
❡✛❡❝t✐✈❡❧② ❝♦✈❡r❡❞✳ ▼❛①✐♠✐③✐♥❣ picm(dm) ✇✐t❤ r❡s♣❡❝t t♦ dm s✉❜❥❡❝t t♦ t❤❡ ❝♦♥str❛✐♥t dm ≥ 0
✭❢❡❛s✐❜❧❡ ❞✐s❝❧♦s✉r❡ r❛♥❣❡✮ ♦❜t❛✐♥s ♦♣t✐♠❛❧ ❞✐s❝❧♦s✉r❡ ✐♥ ❛ ❝♦✈❡r❡❞ ♠❛r❦❡t
dcm =


1− V −
2− V −
✐❢ V − < 1,
0 ✐❢ V − ≥ 1✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ s✉♠♠❛r✐③❡s t❤❡ ❛❜♦✈❡ r❡s✉❧ts✳
Pr♦♣♦s✐t✐♦♥ ✶✳ ❚❤❡ ♠♦♥♦♣♦❧✐st ❝❤♦♦s❡s t♦ ❝♦✈❡r t❤❡ ♠❛r❦❡t ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ❝✉st♦♠❡rs ♣r♦✈✐❞❡
✐♥❢♦r♠❛t✐♦♥ ym = (1 − dm)/2✳ ❲❤❡♥ V
− < 1, t❤❡ ♠♦♥♦♣♦❧✐st s❡ts ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧ dm = (1 −
V −)/(2 − V −) ❛♥❞ ♣r✐❝❡ pm = V
−/4(2 − V −)2✳ ❲❤❡♥ V − ≥ 1, t❤❡ ♠♦♥♦♣♦❧✐st s❡ts dm = 0 ❛♥❞
pm = V
−/4✳
❚❤❡ ♠♦♥♦♣♦❧✐st ❢❛❝❡s ❛♥ ✐♠♣♦rt❛♥t tr❛❞❡♦✛ ✐♥ ❞❡t❡r♠✐♥✐♥❣ t❤❡ ♣r✐❝❡ ❛♥❞ t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❢♦r♠❛t✐♦♥
❞✐s❝❧♦s✉r❡ ♦✛❡r❡❞ t♦ ❝♦♥s✉♠❡rs✳ ❖♥ t❤❡ ♦♥❡ ❤❛♥❞✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ ♣r✐❝❡ r❡❞✉❝❡s ❞❡♠❛♥❞ ❢♦r t❤❡
s❡r✈✐❝❡✱ ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ✉s❡r ❜❛s❡ ❛♥❞ t❤❡ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ♦✈❡r ✇❤✐❝❤ t❤❡ ✜r♠ ❝❛♥ ❡①tr❛❝t
❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s✳ ❖♥ t❤❡ ♦t❤❡r ❤❛♥❞✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ❞❡❝r❡❛s❡s ❝♦♥s✉♠❡rs✬
✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r t❤❡ s❡r✈✐❝❡✱ t❤✉s r❡❞✉❝✐♥❣ ♣r✐❝❡ r❡✈❡♥✉❡s✳ ■♥ ❛❞❞✐t✐♦♥✱ t❤❡ ♠♦♥♦♣♦❧✐st ❢❛❝❡s
❛♥ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ tr❛❞❡♦✛ ✇❤❡♥ s❡tt✐♥❣ t❤❡ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡✳ ❚❤❡ ♣r♦✈✐s✐♦♥ ♦❢ ✐♥❢♦r♠❛t✐♦♥
❜② ❝♦♥s✉♠❡rs s✐❣♥✐♥❣ ✉♣ ❢♦r s❡r✈✐❝❡ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ t❤❡ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡✱ ❛♥❞ ❝♦♥s✉♠❡rs ♣r❡❢❡r
♥♦t t♦ ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥ t♦ t❤❡ ✜r♠ ✇❤❡♥ ✐t ❡♥❣❛❣❡s ✐♥ ♠❛①✐♠✉♠ ❞✐s❝❧♦s✉r❡✳ ❆s ❛ ❝♦♥s❡q✉❡♥❝❡✱
t❤❡ ♠♦♥♦♣♦❧✐st ❝♦♥s✐❞❡rs ♦♥❧② ✐♥t❡r♠❡❞✐❛t❡ ❧❡✈❡❧s ♦❢ ❞✐s❝❧♦s✉r❡✱ str✐❦✐♥❣ ❛ ❜❛❧❛♥❝❡ ❜❡t✇❡❡♥ t❤❡
✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ♦❜t❛✐♥❡❞ ❢r♦♠ ❝♦♥s✉♠❡rs ❛♥❞ t❤❡ r❡✈❡♥✉❡s ❢r♦♠ ❞✐s❝❧♦s✐♥❣ ✐t✳
❚❤❡ ♠♦♥♦♣♦❧✐st ❛❧✇❛②s ❝♦✈❡rs t❤❡ ♠❛r❦❡t ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ■❢ t❤❡r❡ ❛r❡ ❝♦♥s✉♠❡rs ✇✐t❤ ❧♦✇
✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ s❡r✈✐❝❡ ✭V − < 1✮✱ ✐t ❝❤♦♦s❡s t♦ ❡♥❣❛❣❡ ✐♥ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ✭dm > 0✮✳
✽◆♦t❡ t❤❛t pium(dm) ❞♦❡s ♥♦t ❞❡♣❡♥❞ ♦♥ dm ✇❤❡♥ V
+ = 2✳ ■♥ t❤✐s ♣❛rt✐❝✉❧❛r ❝❛s❡✱ t❤❡ ♠♦♥♦♣♦❧✐st ✐s ✐♥❞✐✛❡r❡♥t
✇❤❡♥ ❝❤♦♦s✐♥❣ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧ dm✱ s♦ ✇❡ ♣r♦❝❡❡❞ ❜② ❛ss✉♠✐♥❣ t❤❛t t❤❡ ♠♦♥♦♣♦❧✐st ❝❤♦♦s❡s dm = 0 ✉♥❞❡r ✐♥❞✐✛❡r❡♥❝❡✳
✶✶
18 V -=1 138
Ev
d,p
Monopoly HΣv=114L
dm
pm
15
Σv
d,p
Monopoly HEv=23L
dm
pm
❋✐❣✉r❡ ✶✿ ▼♦♥♦♣♦❧② ❞✐s❝❧♦s✉r❡ ❛♥❞ ♣r✐❝❡ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛t✐♦♥✬s ✈❛❧✉❛t✐♦♥
♠❡❛♥ ✭❧❡❢t✮ ❛♥❞ s♣r❡❛❞ ✭r✐❣❤t✮✳ ❆①❡s ♦r✐❣✐♥s ❛r❡ ❧♦❝❛t❡❞ ❛t ✭✵✱✵✮ ✐♥ ❛❧❧ ♣❧♦ts ✉♥❧❡ss ♦t❤❡r✇✐s❡ ♥♦t❡❞✳
▼♦r❡♦✈❡r✱ ❜❡❝❛✉s❡ ∂dm/∂V
− ≤ 0✱ t❤❡ ❧❛r❣❡r t❤❡ ♠❛ss ♦❢ ❝♦♥s✉♠❡rs ✇✐t❤ ❧♦✇ ✈❛❧✉❛t✐♦♥s✱ t❤❡
❤✐❣❤❡r t❤❡ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡✳ ■♥t✉✐t✐✈❡❧②✱ ✇❤❡♥ ❛✈❡r❛❣❡ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r t❤❡ s❡r✈✐❝❡ ✐s ❧♦✇✱
t❤❡ ♠♦♥♦♣♦❧✐st ❝❛♥♥♦t ❡①tr❛❝t ♠✉❝❤ ❝♦♥s✉♠❡r s✉r♣❧✉s t❤r♦✉❣❤ ♣r✐❝❡ r❡✈❡♥✉❡s✳ ❚❤✉s✱ r❡✈❡♥✉❡s
❢r♦♠ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ❛r❡ ❝♦♠♣❛r❛t✐✈❡❧② ❤✐❣❤❡r ❛♥❞ dm > 0✳ ❲❤❡♥ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r t❤❡
s❡r✈✐❝❡ ✐s ❤✐❣❤✱ ❤♦✇❡✈❡r✱ ♣r✐❝❡ r❡✈❡♥✉❡s ❜❡❝♦♠❡ ❝♦♠♣❛r❛t✐✈❡❧② ♠♦r❡ ❛ttr❛❝t✐✈❡ ❛♥❞ t❤❡ ♠♦♥♦♣♦❧✐st
♣r❡❢❡rs t❤❛t ♠♦♥❡t✐③❛t✐♦♥ ♠♦❞❡✳ ■♥ ❢❛❝t✱ ✇❤❡♥ V − ≥ 1✱ t❤❡ ♠♦♥♦♣♦❧✐st ❝❤♦♦s❡s ♥♦t t♦ ❞✐s❝❧♦s❡
✐♥❢♦r♠❛t✐♦♥ dm = 0 s♦ t❤❛t ✐t ❝❛♥ ❝❤❛r❣❡ t❤❡ ❧❛r❣❡st ♣♦ss✐❜❧❡ ♣r✐❝❡ ❢♦r t❤❡ s❡r✈✐❝❡✳
❋✐❣✉r❡ ✶ ✐❧❧✉str❛t❡s t❤❡ ✐♠♣❛❝t ♦❢ ❝❤❛♥❣❡s ✐♥ t❤❡ ♠❡❛♥ ❛♥❞ ✐♥ t❤❡ s♣r❡❛❞ ♦❢ t❤❡ ❝♦♥s✉♠❡r
♣♦♣✉❧❛t✐♦♥✬s ❞✐str✐❜✉t✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥s✱ r❡s♣❡❝t✐✈❡❧② ❞❡♥♦t❡❞ ❜② Ev ❛♥❞ σv✳ ❋♦r t❤❡ r❡❛s♦♥s ❥✉st
❞✐s❝✉ss❡❞✱ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ♠❡❛♥ ✈❛❧✉❛t✐♦♥ t❤❛t ♣r❡s❡r✈❡s t❤❡ s♣r❡❛❞ ❞r✐✈❡s t❤❡ ♠♦♥♦♣♦❧✐st t♦
✐♥❝r❡❛s❡ ♣r✐❝❡ ❛♥❞ t♦ r❡❞✉❝❡ ❞✐s❝❧♦s✉r❡✳ ❆♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ s♣r❡❛❞ t❤❛t ♣r❡s❡r✈❡s t❤❡ ♠❡❛♥ ♦❢
t❤❡ ❞✐str✐❜✉t✐♦♥ ✐♠♣❧✐❡s t❤❛t ❝♦♥s✉♠❡rs ❜❡❝♦♠❡ ♠♦r❡ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥ t❤❡✐r ✈❛❧✉❛t✐♦♥s✱ ❛♥❞ t❤✐s
r❡❞✉❝❡s t❤❡ ♣r✐❝❡ r❡✈❡♥✉❡ t❤❛t t❤❡ ✜r♠ ❝❛♥ ❡①tr❛❝t✳ ❚❤✐s ❞r✐✈❡s t❤❡ ♠♦♥♦♣♦❧✐st t♦ ❧♦✇❡r t❤❡ ♣r✐❝❡
✐♥ ♦r❞❡r t♦ ❡♥s✉r❡ t❤❛t ❛❧❧ ❝♦♥s✉♠❡rs ♣❛rt✐❝✐♣❛t❡ ❛♥❞ t♦ ✐♥❝r❡❛s❡ t❤❡ ❧❡✈❡❧ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡✳
❖✉r ♠♦♥♦♣♦❧② ❛♥❛❧②s✐s ✐s ❝❧♦s❡❧② r❡❧❛t❡❞ t♦ t❤❛t ♦❢ ❆❦ç✉r❛ ❛♥❞ ❙r✐♥✐✈❛s❛♥ ✭✷✵✵✺✮✱ ✇❤♦ ✜rst
❛♥❛❧②③❡❞ t❤❡ ♣r♦❜❧❡♠ ♦❢ t❤❡ ♠♦♥♦♣♦❧✐st ❢❛❝✐♥❣ ❛ tr❛❞❡♦✛ ❜❡t✇❡❡♥ s❛❧❡s r❡✈❡♥✉❡s ❛♥❞ ❞✐s❝❧♦s✉r❡
r❡✈❡♥✉❡s✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ❤✐❣❤❡r ❧❡✈❡❧s ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s✉r❡ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❝♦♠♠❛♥❞ ❧♦✇❡r
♣r✐❝❡s ❢♦r ❝♦♥s✉♠❡rs✳ ❆♥ ✐♠♣♦rt❛♥t ❞✐✛❡r❡♥❝❡✱ ❤♦✇❡✈❡r✱ ✐s t❤❛t t❤❡ ♠♦♥♦♣♦❧✐st ♠❛② s✉❜s✐❞✐③❡
s♦♠❡ ❝♦♥s✉♠❡rs ✐♥ t❤❡✐r ♠♦❞❡❧✳ ❚❤✐s ♦✉t❝♦♠❡ ❛r✐s❡s ✐♥ ❆❦ç✉r❛ ❛♥❞ ❙r✐♥✐✈❛s❛♥✬s ❛♥❛❧②s✐s ❜❡❝❛✉s❡
t❤❡② ❝♦♥s✐❞❡r t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ♠♦♥♦♣♦❧✐st ❝❛♥ ❞❡❝✐❞❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ r❡q✉✐r❡❞ ♦❢ ❡❛❝❤
❝♦♥s✉♠❡r✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❝♦♥s✉♠❡rs ❞❡❝✐❞❡ ✉♥✐❧❛t❡r❛❧❧② ❤♦✇ ♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥ t♦ ♣r♦✈✐❞❡✳ ■♥ t❤✐s
❝♦♥t❡①t t❤❡ ♠♦♥♦♣♦❧✐st ♥❡✈❡r ❝❤♦♦s❡s t♦ s✉❜s✐❞✐③❡ ❝♦♥s✉♠❡rs✱ ❛♥❞ ✇❡ s❤♦✇ ✐♥ t❤❡ ♥❡①t s❡❝t✐♦♥ t❤❛t
s✉❜s✐❞✐③❛t✐♦♥ ✇✐❧❧ ♦♥❧② ❛r✐s❡ ✉♥❞❡r ❝♦♠♣❡t✐t✐♦♥✳✾
✾■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t s✉❜s✐❞✐③❛t✐♦♥ ❛❧s♦ ❛r✐s❡s ✐♥ ♦✉r s♣❡❝✐✜❝❛t✐♦♥ ✐❢ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ym ✐s ❝❤♦s❡♥ ❜② t❤❡
✶✷
✹ ❈♦♠♣❡t✐♥❣ ✇✐t❤ ♣r✐✈❛❝②
❲❡ ♥❡①t ❡✈❛❧✉❛t❡ t❤❡ ❝❛s❡ ♦❢ ❞✉♦♣♦❧②✳ ❆ str❛✐❣❤t❢♦r✇❛r❞ ✐♠♣❧✐❝❛t✐♦♥ ♦❢ ♦✉r ♠♦❞❡❧ ✐s t❤❛t ✜r♠s
s✉♣♣❧②✐♥❣ ❤♦♠♦❣❡♥❡♦✉s s❡r✈✐❝❡s ✇✐❧❧ ❜❡♥❡✜t ❢r♦♠ ❞✐✛❡r❡♥t✐❛t❡❞ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s✳ ■♥s♣❡❝t✐♦♥ ♦❢ ui,j
✐♥ ✭✶✮ r❡✈❡❛❧s t❤❛t ✐❢ t✇♦ ✜r♠s s❡t t❤❡ s❛♠❡ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧✱ t❤❡② ❜❡❝♦♠❡ ♣❡r❢❡❝t s✉❜st✐t✉t❡s ❢♦r
❝♦♥s✉♠❡rs✱ s♦ ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥ t❤❡♥ ❞r✐✈❡s t❤❡✐r ♣r♦✜ts ❞♦✇♥ t♦ ③❡r♦✳ ❚❤✉s✱ ✇❡ ❧❡t j ∈ {l, h}
❛♥❞ ❛ss✉♠❡ ✇✐t❤♦✉t ❧♦ss ♦❢ ❣❡♥❡r❛❧✐t② t❤❛t dl ≤ dh✳ ❋✐r♠ l ❞✐s❝❧♦s❡s ❧❡ss ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥
t❤❛♥ ✜r♠ h ✭✇❤❡♥ t❤❡ ✐♥❡q✉❛❧✐t② ✐s str✐❝t s♦ t❤❛t ✜r♠s ❛r❡ ❞✐✛❡r❡♥t✐❛t❡❞✮✱ ❛♥❞ ❛s ❛ ❝♦♥s❡q✉❡♥❝❡
✐ts ♣r♦❞✉❝t ✐s ♣❡r❝❡✐✈❡❞ ❛s ❜❡✐♥❣ ♦❢ ❤✐❣❤❡r q✉❛❧✐t② t❤❛♥ t❤❛t ♦❢ ✜r♠ h✳
■♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥✳ ❚♦ s♦❧✈❡ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠✱ ♥♦t❡ t❤❛t ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ♣r♦✲
✈✐s✐♦♥ ✐♥ t❤❡ ❢♦✉rt❤ st❛❣❡ ❛s ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ✭✷✮ ❝❛rr✐❡s ♦✈❡r t♦ t❤❡ ❝❛s❡ ♦❢ ❞✉♦♣♦❧② ❢♦r ❡❛❝❤
✜r♠✳
P✉r❝❤❛s✐♥❣ ❞❡❝✐s✐♦♥s✳ ❲❡ ❡①❛♠✐♥❡ t❤❡ ♣r♦❜❧❡♠ ♦❢ ❝♦♥s✉♠❡r i ✐♥ t❤❡ t❤✐r❞ st❛❣❡ ✇❤❡♥
❞❡❝✐❞✐♥❣ ✇❤❡t❤❡r t♦ s✐❣♥ ✉♣ ✇✐t❤ ✜r♠ l ♦r ✇✐t❤ ✜r♠ h✳✶✵ ❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❤✐❣❤✲
❞✐s❝❧♦s✉r❡ ✜r♠ ♣r✐❝❡s ❛❜♦✈❡ t❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✜r♠✱ ph > pl✳ ■♥ t❤✐s ❝❛s❡✱ ❛❧❧ ❝♦♥s✉♠❡rs ❞❡r✐✈❡
❤✐❣❤❡r ✉t✐❧✐t② ❢r♦♠ ✜r♠ l✱ s♦ ✜r♠ h ♦❜t❛✐♥s ③❡r♦ ❞❡♠❛♥❞ ❛♥❞ ♣r♦✜ts✳ ❇❡❧♦✇✱ ✇❡ s❤♦✇ t❤❛t ✜r♠ h
❝❛♥ ♦❜t❛✐♥ ♣♦s✐t✐✈❡ ♣r♦✜ts ❜② ✉♥❞❡r❝✉tt✐♥❣ t❤❡ ♣r✐❝❡ ♦❢ ✜r♠ l✳ ❚❤❡r❡❢♦r❡✱ ph > pl ✇✐❧❧ ♥❡✈❡r ❛r✐s❡
✐♥ ❡q✉✐❧✐❜r✐✉♠✳
❈♦♥s✐❞❡r ♥❡①t t❤❡ ❝❛s❡ ✇❤❡r❡ t❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✜r♠ s❡ts ❛ ♣r✐❝❡ ❧♦✇❡r t❤❛♥ t❤❛t ♦❢ t❤❡ ❧♦✇✲
❞✐s❝❧♦s✉r❡ ✜r♠✱ ph ≤ pl✳ ❲❤❡♥ ✜r♠s ❛r❡ ❞✐✛❡r❡♥t✐❛t❡❞✱ ♥♦t❡ t❤❛t ∂ui,l/∂vi > ∂ui,h/∂vi > 0 ❣✐✈❡♥
❡q✉✐❧✐❜r✐✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ yj ✐♥ ✭✷✮✱ s♦ t❤❛t ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ✇✐❧❧ s✐❣♥ ✉♣ ✇✐t❤
✜r♠ l ❛♥❞ ❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ✇✐❧❧ s✐❣♥ ✉♣ ✇✐t❤ ✜r♠ h✳ ❲❡ ❝❛♥ ✐❞❡♥t✐❢② t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡
♣✐✈♦t ❝♦♥s✉♠❡r vp ✇❤♦ ✐s str✐❝t❧② ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ s✐❣♥✐♥❣ ✉♣ ✇✐t❤ ✜r♠ l ❛♥❞ ✜r♠ h ❜② ❡q✉❛t✐♥❣
up,l = up,h✱
vp =
4(pl − ph)
(dh − dl)(2− dh − dl)
. ✭✽✮
❲❤❡♥ t❤❡ ♠❛r❦❡t ✐s ❝♦✈❡r❡❞✱ ❝♦♥s✉♠❡rs ✇✐t❤ vi ∈ [V
−, vp) s✐❣♥ ✉♣ ✇✐t❤ ✜r♠ h ❛♥❞ ❝♦♥s✉♠❡rs
vi ∈ [vp, V
+] s✐❣♥ ✉♣ ✇✐t❤ ✜r♠ l✳
❉✉♦♣♦❧② ♣r✐❝✐♥❣✳ ❈♦♥s✐❞❡r t❤❡ ♣r✐❝✐♥❣ ♣r♦❜❧❡♠ ♦❢ ❜♦t❤ ✜r♠s ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡✳ Pr♦✜ts ✐♥
♠♦♥♦♣♦❧✐st ♦r ❛ss✉♠❡❞ t♦ ❜❡ ❡①♦❣❡♥♦✉s✳ ❚❤✉s t❤❡ ❛❜s❡♥❝❡ ♦❢ s✉❜s✐❞✐③❛t✐♦♥ ✉♥❞❡r ♠♦♥♦♣♦❧② ✐s ❡①♣❧❛✐♥❡❞ ❜② t❤❡ ❢❛❝t
t❤❛t ❝♦♥s✉♠❡rs ✉♥✐❧❛t❡r❛❧❧② ❞❡❝✐❞❡ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥✳ ■t ✐s ❛❧s♦ ✇♦rt❤ ♥♦t✐♥❣ t❤❛t ❆❦ç✉r❛ ❛♥❞ ❙r✐♥✐✈❛s❛♥
✭✷✵✵✺✮ ❝♦♥s✐❞❡r ❛ s♣❡❝✐✜❝❛t✐♦♥ ✇❤❡r❡ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❞❡♣❡♥❞ ♦♥ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s✳ ■♥ ♦✉r ♠♦❞❡❧✱ ❝♦♥s✉♠❡r
✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ s❡r✈✐❝❡ ❛♥❞ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❛r❡ ✐♥❞❡♣❡♥❞❡♥t❀ ❤✐❣❤❡r ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❞♦ ♥♦t tr❛♥s❧❛t❡ ✐♥t♦
❤✐❣❤❡r ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s✳ ❍♦✇❡✈❡r✱ ✐♥ s♦♠❡ ❝❛s❡s✱ ❜♦t❤ ♠❛② ❜❡ ❝♦rr❡❧❛t❡❞✳ ❲❡❛❧t❤✐❡r ❝♦♥s✉♠❡rs ✇✐t❤ ❛ ❤✐❣❤❡r
✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❛r❡ ❛❧s♦ ♠♦r❡ ✈❛❧✉❛❜❧❡ t❛r❣❡ts ❢♦r ❛❞✈❡rt✐s❡rs✳ ❲❡ ♥♦t❡ t❤❛t ✐❢ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ✇❡r❡ ♣♦s✐t✐✈❡❧②
❝♦rr❡❧❛t❡❞ ✇✐t❤ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ✐♥ ♦✉r ♠♦❞❡❧✱ t❤✐s ✇♦✉❧❞ r❡❞✉❝❡ t❤❡ ♠♦♥♦♣♦❧✐st✬s ✐♥❝❡♥t✐✈❡s t♦ ❝♦✈❡r t❤❡ ♠❛r❦❡t✱
❣✐✈❡♥ t❤❛t s❡r✈✐♥❣ ❧♦✇ ✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ❜❡❝♦♠❡s ❝♦♠♣❛r❛t✐✈❡❧② ❧❡ss ♣r♦✜t❛❜❧❡✳
✶✵❆s ♥♦t❡❞ ✐♥ ❙❡❝t✐♦♥ ✷ ❛♥❞ ♣r♦✈❡❞ ❜❡❧♦✇✱ ♦✉r ❛ss✉♠♣t✐♦♥s ♦♥ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ✐♠♣❧② t❤❛t
t❤❡ ♠❛r❦❡t ✐s ❢✉❧❧② ❝♦✈❡r❡❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠✳ ❲❡ ❤❛✈❡ ❛❧s♦ ❛♥❛❧②③❡❞ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥s ✉♥❞❡r ❞✉♦♣♦❧②✱
❜✉t ✉♥❢♦rt✉♥❛t❡❧② ❢♦✉♥❞ t❤❡♠ t♦ ❜❡ ✐♥tr❛❝t❛❜❧❡✳ ◆♦♥❡t❤❡❧❡ss✱ ✇❡ ❜❡❧✐❡✈❡ t❤❛t t❤❡ ❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥ ✐s
❡♠♣✐r✐❝❛❧❧② r❡❧❡✈❛♥t ❣✐✈❡♥ t❤❡ ❤✐❣❤ ♠❛r❦❡t ♣❡♥❡tr❛t✐♦♥ ❡♥❥♦②❡❞ ❜② ❢r❡❡ ♦r s✉❜s✐❞✐③❡❞ ♦♥❧✐♥❡ s❡r✈✐❝❡s✳
✶✸
❛ ❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥ ❣✐✈❡♥ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s dl < dh ❛♥❞ ♣r✐❝❡s ph < pl ❛r❡
pil(pl, ph, dl, dh) =
V + − vp
V + − V −
(pl + dl yl)
pih(pl, ph, dl, dh) =
vp − V
−
V + − V −
(ph + dh yh).
✭✾✮
❙♦❧✈✐♥❣ t❤❡ ❝♦rr❡s♣♦♥❞✐♥❣ s②st❡♠ ♦❢ ♣r✐❝❡ ❜❡st✲r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ✇❡ ♦❜t❛✐♥ ❛ ✉♥✐q✉❡ ♣❛✐r ♦❢
❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s✱ pl (dl, dh) ❛♥❞ ph (dl, dh)✳
❉✉♦♣♦❧② ❞✐s❝❧♦s✉r❡s✳ P❧✉❣❣✐♥❣ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s pl (dl, dh) ❛♥❞ ph (dl, dh) ❢r♦♠ t❤❡ ♣r❡✈✐♦✉s
st❡♣ ✐♥t♦ ✜r♠ ♣r♦✜ts pil ❛♥❞ pih ✐♥ ✭✾✮ ✇❡ ♦❜t❛✐♥ ♣r♦✜ts ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s✱ pil(dl, dh)
❛♥❞ pih(dl, dh)✳ ❙♦❧✈✐♥❣ t❤❡ s②st❡♠ ♦❢ ❞✐s❝❧♦s✉r❡ ❜❡st✲r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ✇❡ ♦❜t❛✐♥ t❤❡ ❡q✉✐❧✐❜r✐✉♠
❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s✱ dl ❛♥❞ dh✳
❚❤❡ ❢♦❧❧♦✇✐♥❣ ♣r♦♣♦s✐t✐♦♥ ♣r❡s❡♥ts t❤❡ ❡q✉✐❧✐❜r✐✉♠✳
Pr♦♣♦s✐t✐♦♥ ✷✳ ■♥ t❤❡ ❞✉♦♣♦❧② ❡q✉✐❧✐❜r✐✉♠✱ t❤❡ ♠❛r❦❡t ✐s ❝♦✈❡r❡❞ ❛♥❞ ❝✉st♦♠❡rs ♣❛tr♦♥✐③✐♥❣ ✜r♠
j ∈ {l, h} ♣r♦✈✐❞❡ ✐♥❢♦r♠❛t✐♦♥
yj =
1− dj
2
.
❋✐r♠s q✉♦t❡ ♣r✐❝❡s
pl (dl, dh) =
(
d2h(2 + V
− − 2V +)− 2dh(1 + V
− − 2V +) + dl
(
dl(4− V
− + 2V +)− 4 + 2V − − 4V +
))
/12
ph (dl, dh) =
(
d2l (2− 2V
− + V +) + dl(−2 + 4V
− − 2V +) + dh
(
dh(4 + 2V
− − V +)− 4− 4V − + 2V +
))
/12.
❈♦♥s✐❞❡r t❤❡ t❤r❡❡ ♣❛r❛♠❡t❡r r❡❣✐♦♥s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✷ ❜❡❧♦✇✳ ■♥ ❘❡❣✐♦♥ ❆✱ t❤❡ ❡q✉✐❧✐❜r✐✉♠
❞✐s❝❧♦s✉r❡s ♦❢ ❜♦t❤ ✜r♠s ❛r❡ ✐♥ t❤❡ ✐♥t❡r✐♦r✿
dl =1 +
2
3
(
1
V + − V −
−
√
V + − 2V − + 2
(2 + V − − 2V +)(V + − V −)2
)
dh =1−
2
3
(
1
V + − V −
−
√
2V + − V − − 2
(2V − − 2− V +)(V + − V −)2
)
.
■♥ ❘❡❣✐♦♥ ❇✱ ✜r♠ l ✐s ❛t t❤❡ ❝♦r♥❡r ✇❤❡r❡ ✐t ❝❤♦♦s❡s ♥♦t t♦ ❞✐s❝❧♦s❡ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥✿
dl =0
dh =
3
2
−
10− 2V − + V +
2
√
(2− 2V − + V +)(10− 2V − + V +)
.
✶✹
1 2
V +
1
2
V -
Equilibrium parameter regions
V *
V **
A
B
B1
B2
C
1 2
V +
1
2
V -
Plot parameter trajectories
Σv=
1
14
Ev=
2
3
❋✐❣✉r❡ ✷✿ ❚❤❡ ❧❡❢t ♣❛♥❡❧ ✐❞❡♥t✐✜❡s ♣❛r❛♠❡t❡r r❡❣✐♦♥s ✇❤❡r❡ t❤❡ ✐♥t❡r✐♦r ❛♥❞ ❝♦r♥❡r s♦❧✉t✐♦♥s ❞❡r✐✈❡❞
✐♥ Pr♦♣♦s✐t✐♦♥ ✷ ❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ❚❤❡ ♠❛t❤❡♠❛t✐❝❛❧ ❞❡r✐✈❛t✐♦♥s ❝❛♥ ❜❡ ❢♦✉♥❞ ✐♥ ❆♣♣❡♥❞✐①
❆✳ ❚❤❡ r✐❣❤t ♣❛♥❡❧ ✐❞❡♥t✐✜❡s t❤❡ ♣❛r❛♠❡t❡r tr❛❥❡❝t♦r✐❡s ✉s❡❞ ✐♥ t❤❡ r❡♠❛✐♥✐♥❣ ✜❣✉r❡s ♦❢ t❤❡ ♣❛♣❡r✳
❚❤❡ s❤❛❞❡❞ r❡❣✐♦♥ ✐♥ t❤❡ r✐❣❤t ♣❛♥❡❧ ✐❞❡♥t✐✜❡s t❤❡ ♣❛r❛♠❡t❡r r❡❣✐♦♥ ✇❤❡r❡ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t
❞❡✈✐❛t✐♦♥s ♣❛② ♦✛✱ ❛s ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳
❋✐♥❛❧❧②✱ ✐♥ ❘❡❣✐♦♥ ❈ ❜♦t❤ ✜r♠s ❛r❡ ❛t t❤❡ ❝♦r♥❡r✿
dl =0
dh =0.
Pr♦♦❢✳ ❙❡❡ ❆♣♣❡♥❞✐① ❆✳
❋✐r♠s ❝♦♠♣❡t✐♥❣ ✇✐t❤ ♣r✐✈❛❝② ❜❡♥❡✜t ❢r♦♠ ❞✐✛❡r❡♥t✐❛t✐♥❣ ✐♥ t❤❡✐r ❧❡✈❡❧s ♦❢ ❞✐s❝❧♦s✉r❡ ✐♥ ♦r❞❡r
t♦ ❝❛t❡r t♦ ❞✐st✐♥❝t ❝♦♥s✉♠❡r s❡❣♠❡♥ts✳ ❚❤❡ ❧❡❢t ♣❛♥❡❧ ✐♥ ❋✐❣✉r❡ ✷ ❞❡♣✐❝ts t❤r❡❡ r❡❣✐♦♥s ♦✈❡r t❤❡
♣❛r❛♠❡t❡r s♣❛❝❡ (V −, V +) ✇❤✐❝❤ ❛r❡ ❞❡♥♦t❡❞ ❜② ❆✱ ❇✱ ❛♥❞ ❈✳ ❚❤❡ ❡q✉✐❧✐❜r✐✉♠ ❡①♣r❡ss✐♦♥s ❢♦r
dl ❛♥❞ dh ❞✐✛❡r ❛❝r♦ss t❤❡ t❤r❡❡ r❡❣✐♦♥s✳ ❘❡❣✐♦♥ ❆ ❝♦♥t❛✐♥s ✐♥t❡r✐♦r ❡q✉✐❧✐❜r✐❛ ✇❤❡r❡ ❜♦t❤ ✜r♠s
❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡ ✭0 < dl < dh✮✱ ❘❡❣✐♦♥ ❇ ❝♦♥t❛✐♥s ❝♦r♥❡r ❡q✉✐❧✐❜r✐❛ ✇❤❡r❡ ♦♥❧② ♦♥❡ ♦❢ t❤❡ ✜r♠s
❡♥❣❛❣❡s ✐♥ ❞✐s❝❧♦s✉r❡ ✭dl = 0 < dh✮✱ ❛♥❞ ❘❡❣✐♦♥ ❈ ❝♦♥t❛✐♥s ❝♦r♥❡r ❡q✉✐❧✐❜r✐❛ ✇❤❡r❡ ♥❡✐t❤❡r ✜r♠
❡♥❣❛❣❡s ✐♥ ❞✐s❝❧♦s✉r❡ ✭dl = dh = 0✮✳ ❘❡❣✐♦♥ ❇ ✐s ❢✉rt❤❡r s✉❜❞✐✈✐❞❡❞ ✐♥t♦ t✇♦ s✉❜r❡❣✐♦♥s ❇✶ ❛♥❞
❇✷ ✇❤❡r❡ t❤❡ ♣r♦✜t r❛♥❦✐♥❣ ♦❢ ❜♦t❤ ❞✉♦♣♦❧✐sts ❞✐✛❡rs✳ ◆♦t❡ t❤❛t ❞✐✛❡r❡♥t✐❛t✐♦♥ ❜r❡❛❦s ❞♦✇♥ ✐♥
❘❡❣✐♦♥ ❈ ❜❡❝❛✉s❡ ❡♥❣❛❣✐♥❣ ✐♥ ❞✐s❝❧♦s✉r❡ ✐s ♥♦t ♣r♦✜t❛❜❧❡ ❢♦r ✜r♠s ✇❤❡♥ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❛r❡
❤✐❣❤ ❛♥❞ ♠♦st❧② ❤♦♠♦❣❡♥♦✉s✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t ✜r♠s ❡♥❣❛❣✐♥❣ ✐♥ ❞✐s❝❧♦s✉r❡ ♥❡❡❞
t♦ s✉❜s✐❞✐③❡ ❝♦♥s✉♠❡rs✱ ❜✉t ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❛r❡ ✜①❡❞ ❛♥❞ ✐♥❞❡♣❡♥❞❡♥t ♦❢ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s✳
❲❡ ❢✉rt❤❡r ❞✐s❝✉ss t❤✐s r❡s✉❧t ❛♥❞ t❤❡ ♣r♦✜t r❛♥❦✐♥❣ ♦❢ ✜r♠s ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳ ■♥ ♦r❞❡r t♦ ✉♥❞❡rst❛♥❞
t❤❡ s❤❛♣❡ ♦❢ t❤❡ t❤r❡❡ r❡❣✐♦♥s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✷✱ r❡❝❛❧❧ t❤❛t ✇❡ ❞♦ ♥♦t ❝♦♥s✐❞❡r ♣♦✐♥ts ❛❜♦✈❡
t❤❡ 45o ❧✐♥❡ ❜❡❝❛✉s❡ V − < V +✳ ❆❧s♦✱ ❛s ✇❡ s❤♦✇ ✐♥ ❆♣♣❡♥❞✐① ❆✱ t❤❡r❡ ❛r❡ ♥♦ ❡q✉✐❧✐❜r✐❛ ✇✐t❤ ❢✉❧❧
♠❛r❦❡t ❝♦✈❡r❛❣❡ ✇❤❡♥ ♣❛r❛♠❡t❡rs V − ❛♥❞ V + ❛r❡ t♦ t❤❡ r✐❣❤t ♦❢ t❤❡ ❧✐♥❡ ✇✐t❤ s❧♦♣❡ ✷ t❤❛t ❜❡❣✐♥s
❛t V + = 1✳ ❚❤❡ ✐♥t❡r✐♦r ❜♦✉♥❞❛r✐❡s V ∗ ❛♥❞ V ∗∗ t❤❛t s❡♣❛r❛t❡ t❤❡ t❤r❡❡ r❡❣✐♦♥s ♦r✐❣✐♥❛t❡ ❢r♦♠ t❤❡
✶✺
❞✐s❝❧♦s✉r❡ ❜❡st✲r❡s♣♦♥s❡s ♦❢ ❜♦t❤ ✜r♠s✳✶✶
❆♥ ✐♠♣♦rt❛♥t ♣r♦♣❡rt② ♦❢ t❤❡ ❞✉♦♣♦❧② s♦❧✉t✐♦♥ ✐s t❤❛t ✜r♠s ✭♠♦st❧②✮ ❢♦❝✉s ♦♥ ❛ s✐♥❣❧❡ r❡✈❡♥✉❡
s♦✉r❝❡✳ ❋✐r♠s ❝❤♦♦s✐♥❣ t♦ ❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡ ❡①♣❧♦✐t ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s✱ ❛♥❞ ✜r♠s ❝❤♦♦s✐♥❣
♥♦t t♦ ❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡ ✭♦r ♣❡r❢♦r♠✐♥❣ ❛ ❧♦✇ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡✮ ❡①♣❧♦✐t ♣r✐❝❡ r❡✈❡♥✉❡s ✐♥st❡❛❞✳
❆❝r♦ss ♠♦st ❡q✉✐❧✐❜r✐❛✱ ✜r♠s ❡♥❣❛❣✐♥❣ ✐♥ ❞✐s❝❧♦s✉r❡ s✉❜s✐❞✐③❡ ❝♦♥s✉♠❡rs ❜② q✉♦t✐♥❣ ♥❡❣❛t✐✈❡ ♣r✐❝❡s✱
❛♥❞ ♦♥❧② ✜r♠s t❤❛t ❞♦ ♥♦t ❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡ q✉♦t❡ ♣♦s✐t✐✈❡ ♣r✐❝❡s✳ ❉✐✛❡r❡♥t✐❛t✐♦♥✱ t❤❡r❡❢♦r❡✱
✐s r❡✢❡❝t❡❞ ♦♥ ❜♦t❤ t❤❡ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ✜r♠s ❡♥❣❛❣❡ ✐♥ ❛♥❞ ❛❧s♦ ✭❛s ❛ ❝♦♥s❡q✉❡♥❝❡✮ ♦♥ t❤❡
r❡✈❡♥✉❡ s♦✉r❝❡ t❤❡② ❡①♣❧♦✐t✳ ▼♦r❡♦✈❡r✱ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s ❛r❡ ♠✉t✉❛❧❧② r❡✐♥❢♦r❝✐♥❣ ❜❡❝❛✉s❡ t❤❡②
❡①❤✐❜✐t str❛t❡❣✐❝ ❝♦♠♣❧❡♠❡♥t❛r✐t②❀ ✐❢ ♦♥❡ ✜r♠ ✐♥❝r❡❛s❡s ✐ts ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ t❤❡ ❜❡st✲r❡s♣♦♥s❡ ♦❢
t❤❡ ♦t❤❡r ✜r♠ ✐s t♦ ❛❧s♦ ✐♥❝r❡❛s❡ ✐ts ♦✇♥ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ✭❣✐✈❡♥ t❤❛t ❡q✉✐❧✐❜r✐✉♠ ❜❡st✲r❡s♣♦♥s❡s
s❛t✐s❢② ∂dˆbl/∂dh > 0 ❛♥❞ ∂dˆ
c
h/∂dl > 0✮✳ ■♥ t❤❡ r❡♠❛✐♥✐♥❣ ♦❢ t❤✐s s❡❝t✐♦♥ ✇❡ r❡✈✐❡✇ t❤❡ ♣r♦♣❡rt✐❡s ♦❢
❞✉♦♣♦❧② ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s ❛♥❞ ♣r✐❝❡s ❛♥❞ ❝♦♠♣❛r❡ t❤❡♠ ✇✐t❤ t❤♦s❡ ♦❢ ♠♦♥♦♣♦❧②✳ ❲❡ r❡❧❡❣❛t❡ ♦✉r
❛♥❛❧②s✐s ♦❢ ✜r♠ ♣r♦✜ts ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦s t♦ ❙❡❝t✐♦♥ ✺✱ ✇❤❡r❡ ✇❡ ❛❧s♦ ❞✐s❝✉ss t❤❡ ❡♠♣✐r✐❝❛❧
✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r r❡s✉❧ts✳
■♥ ♦r❞❡r t♦ r❡✈✐❡✇ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡ ❞✉♦♣♦❧② s♦❧✉t✐♦♥✱ ✇❡ ♣r♦❝❡❡❞ ❜② s❡♣❛r❛t❡❧② r❡✈✐❡✇✐♥❣ t❤❡
✐♠♣❛❝t ♦❢ ❝❤❛♥❣❡s ✐♥ t❤❡ s♣r❡❛❞ ❛♥❞ t❤❡ ♠❡❛♥ ♦❢ ❝♦♥s✉♠❡rs✬ ❞✐str✐❜✉t✐♦♥ ♦❢ ✈❛❧✉❛t✐♦♥s✳ ❈♦♥s✐❞❡r
t❤❡ r✐❣❤t ♣❛♥❡❧ ✐♥ ❋✐❣✉r❡ ✷✳ ◆♦t❡ t❤❛t t❤❡ ❢✉rt❤❡r ❛✇❛② t❤❡ ♣❛r❛♠❡t❡r ♣❛✐r (V −, V +) ✐s ❢r♦♠ t❤❡
♦r✐❣✐♥ ♦❢ ❝♦♦r❞✐♥❛t❡s✱ t❤❡ ❧❛r❣❡r t❤❡ ❡①♣❡❝t❡❞ ✈❛❧✉❛t✐♦♥ ♦❢ ❝♦♥s✉♠❡rs ❢♦r t❤❡ s❡r✈✐❝❡s s✉♣♣❧✐❡❞ ❜②
✜r♠s ✭✈❛❧✉❛t✐♦♥ ♠❡❛♥ Ev✮✳ ▲✐❦❡✇✐s❡✱ t❤❡ ❝❧♦s❡r t❤❡ ♣❛r❛♠❡t❡r ♣❛✐r ✐s t♦ t❤❡ 45
o ❧✐♥❡✱ t❤❡ ❧♦✇❡r t❤❡
❤❡t❡r♦❣❡♥❡✐t② ✐♥ ❝✉st♦♠❡r ♣r❡❢❡r❡♥❝❡s ✭✈❛❧✉❛t✐♦♥ s♣r❡❛❞ σv✮✳ ❚❤❡ ❞❛s❤❡❞ ❧✐♥❡s ❞❡♣✐❝t ♣❛r❛♠❡t❡r
tr❛❥❡❝t♦r✐❡s ✇❤❡r❡ ❡✐t❤❡r t❤❡ ✈❛❧✉❛t✐♦♥ ♠❡❛♥ ♦r t❤❡ ✈❛❧✉❛t✐♦♥ s♣r❡❛❞ ❛r❡ ❝♦♥st❛♥t✳ ❚❤❡ ✉♣♣❡r✲
s❧♦♣♣❡❞ tr❛❥❡❝t♦r② ❞❡♣✐❝ts ♣❛✐rs (V −, V +) s✉❝❤ t❤❛t σv ✐s ❝♦♥st❛♥t ❜✉t ✇❤❡r❡ Ev ✐♥❝r❡❛s❡s ✭❛s
V + ❣r♦✇s✮✳ ❚❤❡ ❞♦✇♥✇❛r❞✲s❧♦♣♣❡❞ tr❛❥❡❝t♦r② ❞❡♣✐❝ts ♣❛✐rs (V −, V +) s✉❝❤ t❤❛t Ev ✐s ❝♦♥st❛♥t
❜✉t ✇❤❡r❡ σv ✐♥❝r❡❛s❡s ✭❛s V
+ ❣r♦✇s✮✳ ❲❡ ✉s❡ t❤❡s❡ t✇♦ ♣❛r❛♠❡t❡r tr❛❥❡❝t♦r✐❡s t♦ ❣❡♥❡r❛t❡ t❤❡
r❡♠❛✐♥✐♥❣ ✜❣✉r❡s ♦❢ t❤❡ ♣❛♣❡r✳
❚❤❡ s♣r❡❛❞ ♦❢ t❤❡ ❞✐str✐❜✉t✐♦♥ ♦❢ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s σv ❞❡t❡r♠✐♥❡s t❤❡ s❝♦♣❡ ❢♦r ❞✐✛❡r❡♥t✐❛t✐♦♥
✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳ ❚❤✐s ✐♥ t✉r♥ ❞❡t❡r♠✐♥❡s t❤❡ ✐♥t❡♥s✐t② ♦❢ ❝♦♠♣❡t✐t✐♦♥✱ ❜❡❝❛✉s❡ ✐t ❛✛❡❝ts t❤❡
❛❜✐❧✐t② ♦❢ ✜r♠s t♦ ❝♦♠♣❡t❡ ✇❤❡♥ s❡tt✐♥❣ ❞✐✛❡r❡♥t ❧❡✈❡❧s ♦❢ ❞✐s❝❧♦s✉r❡✳✶✷ ❋✐❣✉r❡ ✸ ❞❡♣✐❝ts t❤❡
✐♠♣❛❝t ♦❢ ✈❛r✐❛t✐♦♥s ✐♥ t❤❡ s♣r❡❛❞✳ ❲❤❡♥ t❤❡ s♣r❡❛❞ ✐s s♠❛❧❧✱ s♦ t❤❛t ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❛r❡
❛❧♠♦st ❤♦♠♦❣❡♥❡♦✉s✱ ❜♦t❤ ✜r♠s ❡♥❣❛❣❡ ✐♥ ❛ s✐♠✐❧❛r ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡✳ ❚❤✐s r❡s✉❧ts ✐♥ ✐♥t❡♥s❡
♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ❧♦✇ ♣r♦✜ts✱ ❞r✐✈✐♥❣ ❜♦t❤ ✜r♠s t♦ ❤❡❛✈✐❧② s✉❜s✐❞✐③❡ ❝♦♥s✉♠❡rs ❜② q✉♦t✐♥❣
✶✶❋♦r ❝♦♠♣❧❡t❡♥❡ss✱ ✇❡ ❤❛✈❡ ❛❧s♦ ❡✈❛❧✉❛t❡❞ ✉♥✐❧❛t❡r❛❧ ✜r♠ ❞❡✈✐❛t✐♦♥s t♦ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥s✳ ❚❤❡
s❤❛❞❡❞ r❡❣✐♦♥ ✐♥ t❤❡ r✐❣❤t ♣❛♥❡❧ ✐♥ ❋✐❣✉r❡ ✷ ✐❞❡♥t✐✜❡s ♣❛r❛♠❡t❡r ✈❛❧✉❡s ✇❤❡r❡ t❤❡ s♦❧✉t✐♦♥ ❞❡r✐✈❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷
❞♦❡s ♥♦t ❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✐♥ ✇❤✐❝❤ ✜r♠s ♠❛② ❝❤♦♦s❡ ♥♦t t♦ ❝♦✈❡r t❤❡ ♠❛r❦❡t✳ ❚❤❡ ❛♥❛❧②s✐s ♦❢
✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❞❡✈✐❛t✐♦♥s ✐s ✐♥❝❧✉❞❡❞ ✐♥ ❆♣♣❡♥❞✐① ❇✳
✶✷❆❧t❤♦✉❣❤ ♦✉r ❛♥❛❧②s✐s ✐s r❡str✐❝t❡❞ t♦ t❤❡ ❝❛s❡ ♦❢ ❞✉♦♣♦❧②✱ ✇❡ ❡①♣❡❝t t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝♦♥s✉♠❡r ❤❡t❡r♦❣❡♥❡✐t②
t♦ ❛♣♣❧② ♠♦r❡ ❣❡♥❡r❛❧❧②✳ ◆♦t❡ t❤❛t ❛ ❧♦✇❡r ✈❛❧✉❛t✐♦♥ s♣r❡❛❞ r❡❞✉❝❡s t❤❡ ✈❛❧✉❛t✐♦♥ ❞✐✛❡r❡♥t✐❛❧ ❜❡t✇❡❡♥ t❤❡ ❝♦♥s✉♠❡rs
s❡r✈❡❞ ❜② ❡❛❝❤ ✜r♠✳ ❚❤✐s ❞r✐✈❡s ✜r♠s t♦ r❡❞✉❝❡ t❤❡✐r ❡✛❡❝t✐✈❡ ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ♦r t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ t❤❡✐r ❧❡✈❡❧s ♦❢
❞✐s❝❧♦s✉r❡✱ ✐♥ ♦r❞❡r t♦ ❛ttr❛❝t ❝♦♥s✉♠❡rs✳ ❚❤❡ s❛♠❡ ♠❡❝❤❛♥✐s♠ ✇♦✉❧❞ ❜❡ ♣r❡s❡♥t ✇✐t❤ t❤❡ ❡♥tr② ♦❢ ❛❞❞✐t✐♦♥❛❧ ✜r♠s
✐♥ t❤❡ ♠❛r❦❡t✳
✶✻
V -=V * 15
Σv
d
Duopolydisclosures HEv=23L
dh»dm
dl
V -=V * 15
Σv
p
Duopolyprices HEv=23L
0
pl
ph
❋✐❣✉r❡ ✸✿ ❉✉♦♣♦❧② ❞✐s❝❧♦s✉r❡s ✭❧❡❢t✮ ❛♥❞ ♣r✐❝❡s ✭r✐❣❤t✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛t✐♦♥✬s
✈❛❧✉❛t✐♦♥ s♣r❡❛❞✳
♥❡❣❛t✐✈❡ ♣r✐❝❡s✳ ❆s t❤❡ ✈❛❧✉❛t✐♦♥ s♣r❡❛❞ ❝♦♥✈❡r❣❡s t♦ ③❡r♦✱ V + − V − → 0✱ t❤❡ ❞✐s❝❧♦s✉r❡ ♦❢ ❜♦t❤
✜r♠s ❝♦♥✈❡r❣❡s t♦ t❤❡ ♠♦♥♦♣♦❧② s♦❧✉t✐♦♥ ❛♥❞ ✜r♠ ♣r♦✜ts ❝♦♥✈❡r❣❡ t♦ ③❡r♦✳ ❲❤❡♥ t❤❡ s♣r❡❛❞
✐♥❝r❡❛s❡s s♦ t❤❛t ❝♦♥s✉♠❡rs ❜❡❝♦♠❡ ♠♦r❡ ❤❡t❡r♦❣❡♥❡♦✉s ✐♥ t❤❡✐r ✈❛❧✉❛t✐♦♥s✱ ♦♥❡ ✜r♠ ❝❤♦♦s❡s t♦
✐♥❝r❡❛s❡ ✐ts ❞✐s❝❧♦s✉r❡ ❛❜♦✈❡ t❤❛t ♦❢ t❤❡ ♠♦♥♦♣♦❧② s♦❧✉t✐♦♥ ❛♥❞ t❤❡ ♦t❤❡r ✜r♠ r❡❞✉❝❡s ✐ts ❞✐s❝❧♦s✉r❡
❜❡❧♦✇ ✐t✱ s♦ t❤❛t t❤❡ ❡✛❡❝t✐✈❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♦❢ ❜♦t❤ ✜r♠s ✐♥❝r❡❛s❡s✳ ❚❤✐s s♦❢t❡♥s ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥
❛♥❞ ❛❧❧♦✇s ✜r♠s t♦ ✐♥❝r❡❛s❡ ♣r✐❝❡s✱ t❤✉s ✐♥❝r❡❛s✐♥❣ ♣r♦✜ts✳
❚❤❡ ✐♠♣❛❝t ♦❢ ❛♥ ✐♥❝r❡❛s❡ ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ ♠❡❛♥ Ev ✐s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✹✳ ❚❤✐s ✐♥❝r❡❛s❡s
t❤❡ ❛✈❡r❛❣❡ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ♦❢ ❝♦♥s✉♠❡rs ❛♥❞ t❤❡r❡❢♦r❡ ✐♥❝r❡❛s❡s ♣♦t❡♥t✐❛❧ ♣r✐❝❡ r❡✈❡♥✉❡s ❢♦r
✜r♠s✱ ✇❤✐❝❤ r❡❞✉❝❡s t❤❡ ❝♦♠♣❛r❛t✐✈❡ ❛ttr❛❝t✐✈❡♥❡ss ♦❢ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❛♥❞ ❞r✐✈❡s t❤❡♠ t♦
r❡❞✉❝❡ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s✳ ❲❤❡♥ ❜♦t❤ ✜r♠s ❛r❡ ❛❝t✐✈❡❧② ❡♥❣❛❣❡❞ ✐♥ ❞✐s❝❧♦s✉r❡ ✭❘❡❣✐♦♥ ❆✮ t❤❡② ❝❛♥
❞♦ s♦ ✐♥❝r❡❛s✐♥❣ t❤❡✐r ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ✇❤✐❝❤ ❛❧❧♦✇s t❤❡♠ t♦ ✐♥❝r❡❛s❡ t❤❡✐r ♣r✐❝❡ ❛♥❞ t❤❡✐r ♣r♦✜ts✳
❲❤❡♥ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❛r❡ s✉✣❝✐❡♥t❧② ❤✐❣❤ ✭❘❡❣✐♦♥ ❇✮✱ t❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✜r♠ ❝❤♦♦s❡s ♥♦t
t♦ ❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡ ❛♥❞ ❢♦❝✉s❡s ❡①❝❧✉s✐✈❡❧② ♦♥ ♣r✐❝❡ r❡✈❡♥✉❡s✳ ❚❤✐s ✐s t❤❡ ♦♥❧② ✐♥st❛♥❝❡ ♦❢
♣♦s✐t✐✈❡ ♣r✐❝❡s t❤❛t ❛r✐s❡s ✐♥ ❡q✉✐❧✐❜r✐✉♠ ✭✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ ❛ s♠❛❧❧ ♥❡✐❣❤❜♦r✐♥❣ r❛♥❣❡ ♦❢ t❤❡
♣❛r❛♠❡t❡r s♣❛❝❡✮✳ ❊✛❡❝t✐✈❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ✐s r❡❞✉❝❡❞ ❛s t❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✜r♠ ❢✉rt❤❡r r❡❞✉❝❡s
✐ts ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡✳ ❲❤❡♥ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ✐♥❝r❡❛s❡ ❢✉rt❤❡r ✭❘❡❣✐♦♥ ❈✮✱ ♥❡✐t❤❡r ✜r♠ ❡♥❣❛❣❡s
✐♥ ❞✐s❝❧♦s✉r❡ ❛♥❞ ❝♦♠♣❡t✐t✐✈❡ ♣r❡ss✉r❡ ❞r✐✈❡s ♣r✐❝❡s ❛♥❞ ♣r♦✜ts ❞♦✇♥ t♦ ③❡r♦✳ ❲❡ ❢✉rt❤❡r ❞✐s❝✉ss
t❤✐s ♦✉t❝♦♠❡ ✇❤❡r❡ ❞✐✛❡r❡♥t✐❛t✐♦♥ ❜r❡❛❦s ❞♦✇♥ ✐♥ ❙❡❝t✐♦♥ ✺✳✶✳
❍❛✈✐♥❣ ❝❤❛r❛❝t❡r✐③❡❞ t❤❡ ❞✉♦♣♦❧② s♦❧✉t✐♦♥✱ ♦✉r ♥❡①t ♣r♦♣♦s✐t✐♦♥ ❡st❛❜❧✐s❤❡s t❤❡ q✉❛❧✐t❛t✐✈❡
✐♠♣❛❝t ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳
Pr♦♣♦s✐t✐♦♥ ✸✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✉♦♣♦❧② ❛♥❞ ♠♦♥♦♣♦❧② s♦❧✉t✐♦♥s r❡✈❡❛❧s t❤❛t ❝♦♠♣❡t✐t✐♦♥ ❤❛s
t✇♦ ♠❛✐♥ ❡✛❡❝ts ♦♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✿ t❤❡ ✐♥tr♦❞✉❝t✐♦♥ ♦❢ ❛ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✭❤✐❣❤✲q✉❛❧✐t②✮ s❡r✈✐❝❡
✇❤❡♥ ❝♦♥s✉♠❡rs ❡①❤✐❜✐t ❧♦✇ ✈❛❧✉❛t✐♦♥s V − < 1✱ ❣✐✈❡♥ ❜② dl < dh ≈ dm✱ ❛♥❞ s✉❜s✐❞✐③❛t✐♦♥ ♦❢ t❤❡
❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✭❧♦✇✲q✉❛❧✐t②✮ s❡r✈✐❝❡✱ ph ≤ 0 < pm✳
✶✼
18 V -=V * V -=V ** 138
Ev
d
Duopolydisclosures HΣv=114L
dh»dm
dl
V -=V * V -=V **
Ev
p
Duopolyprices HΣv=114L
0
18 138
ph
pl
❋✐❣✉r❡ ✹✿ ❉✉♦♣♦❧② ❞✐s❝❧♦s✉r❡s ✭❧❡❢t✮ ❛♥❞ ♣r✐❝❡s ✭r✐❣❤t✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛t✐♦♥✬s
✈❛❧✉❛t✐♦♥ ♠❡❛♥✳
❚❤❡ ✜rst ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥ ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡ ♠♦♥♦♣♦❧✐st ❝❤♦♦s❡s t♦ ❡♥❣❛❣❡ ✐♥
❞✐s❝❧♦s✉r❡ ✇❤❡♥ ❧♦✇ ✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡ ♠❛r❦❡t✱ V − < 1✳ ❚❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡
❞✉♦♣♦❧✐st s❡ts ❛ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ✇❤✐❝❤ ✐s ❛♣♣r♦①✐♠❛t❡❧② ❡q✉✐✈❛❧❡♥t t♦ t❤❛t ♦❢ t❤❡ ♠♦♥♦♣♦❧✐st
t❤♦✉❣❤ ♠❛r❣✐♥❛❧❧② ❤✐❣❤❡r✳ ❚❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ❞✉♦♣♦❧✐st✱ ❤♦✇❡✈❡r✱ s❡ts ❛ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧ ✇❤✐❝❤ ✐s
q✉❛❧✐t❛t✐✈❡❧② ❞✐✛❡r❡♥t ❢r♦♠ t❤❛t ♦❢ t❤❡ ♠♦♥♦♣♦❧✐st✳ ❚❤✐s ❝❛♥ ❜❡ ✈❡r✐✜❡❞ ❜② ✐♥s♣❡❝t✐♦♥ ♦❢ ♠♦♥♦♣♦❧②
❞✐s❝❧♦s✉r❡ dm ✐♥ ❋✐❣✉r❡ ✶ ❛♥❞ ❞✉♦♣♦❧② ❞✐s❝❧♦s✉r❡s dl ❛♥❞ dh ✐♥ ❋✐❣✉r❡s ✸ ❛♥❞ ✹ ✭❞✐s❝❧♦s✉r❡s ❛r❡
♣❧♦tt❡❞ ♦✈❡r t❤❡ s❛♠❡ r❛♥❣❡ ✐♥ t❤❡ t❤r❡❡ ✜❣✉r❡s✮✳ ❚❤❡ ♠♦♥♦♣♦❧✐st ❡♥❣❛❣❡s ✐♥ ❞✐s❝❧♦s✉r❡ ❜❡❝❛✉s❡ ✐t
✐s ♣♦♦❧✐♥❣ ❝♦♥s✉♠❡rs ✉♥❞❡r ❛ s✐♥❣❧❡ s❡r✈✐❝❡ ❛♥❞ ✐s ✉♥✇✐❧❧✐♥❣ t♦ ❝❛t❡r t♦ ❤✐❣❤ ✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs
❛t t❤❡ ❡①♣❡♥s❡ ♦❢ ❡①❝❧✉❞✐♥❣ ❧♦✇ ✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs✳ ❚❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ❞✉♦♣♦❧✐st s❡ts ❛ ❧♦✇ ❧❡✈❡❧
♦❢ ❞✐s❝❧♦s✉r❡ ❜❡❝❛✉s❡ ❝♦♠♣❡t✐t✐✈❡ ♣r❡ss✉r❡ ❞r✐✈❡s ✐t t♦ ❞✐✛❡r❡♥t✐❛t❡ ✐ts s❡r✈✐❝❡ ❛♥❞ s♣❡❝✐✜❝❛❧❧② ❝❛t❡r
t♦ ❤✐❣❤ ✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs✳ ❚❤❡r❡❢♦r❡✱ ✇❤❡♥❡✈❡r ❧♦✇ ✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ❛r❡ ♣r❡s❡♥t ✐♥ t❤❡
♠❛r❦❡t✱ ♦✉r ♠♦❞❡❧ ♣r❡❞✐❝ts t❤❛t ❧♦✇✲❞✐s❝❧♦s✉r❡ s❡r✈✐❝❡s ✇❤✐❝❤ ❛r❡ s✉st❛✐♥❡❞ ❡①❝❧✉s✐✈❡❧② ❜② ♣r✐❝❡
r❡✈❡♥✉❡s ♦♥❧② ❛r✐s❡ ✉♥❞❡r ❝♦♠♣❡t✐t✐♦♥✳
❘❡❣❛r❞✐♥❣ t❤❡ s❡❝♦♥❞ ♣❛rt ♦❢ t❤❡ ♣r♦♣♦s✐t✐♦♥✱ ♥♦t❡ t❤❛t t❤❡ ♠♦♥♦♣♦❧✐st q✉♦t❡s ❛ ♣♦s✐t✐✈❡
♣r✐❝❡ ❜✉t t❤❡ ❞✉♦♣♦❧✐st s✉♣♣❧②✐♥❣ t❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ s❡r✈✐❝❡ q✉♦t❡s ❛ ♥❡❣❛t✐✈❡ ♣r✐❝❡ t♦ s✉❜s✐❞✐③❡
❝♦♥s✉♠❡rs ✭❘❡❣✐♦♥s ❆ ❛♥❞ ❇✮ ♦r ③❡r♦ ♣r✐❝❡ ✇❤❡♥ ♥♦t ❡♥❣❛❣✐♥❣ ✐♥ ❞✐s❝❧♦s✉r❡ ✭❘❡❣✐♦♥ ❈✮✳ ❈❧❡❛r❧②✱
t❤❡ ❞✐✛❡r❡♥❝❡ ✐♥ ♣r✐❝✐♥❣ ✐s ❞✉❡ t♦ t❤❡ ❝♦♠♣❡t✐t✐✈❡ ♣r❡ss✉r❡ ❢❛❝❡❞ ❜② t❤❡ ❞✉♦♣♦❧✐st✱ ❛s ✐♥ ❜♦t❤
❝❛s❡s ❝♦♥s✉♠❡rs ❡①❤✐❜✐t ♣♦s✐t✐✈❡ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r t❤❡ s❡r✈✐❝❡✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t t❤❡ ♣r✐❝❡
❞✐✛❡r❡♥t✐❛❧ ✉♥❞❡r ❜♦t❤ r❡❣✐♠❡s✱ pm− ph✱ ❞❡❝r❡❛s❡s ✇✐t❤ t❤❡ ✈❛❧✉❛t✐♦♥ s♣r❡❛❞ σv ✇❤✐❝❤ ❞❡t❡r♠✐♥❡s
t❤❡ ✐♥t❡♥s✐t② ♦❢ ❝♦♠♣❡t✐t✐♦♥✳ ❚❤✉s ♦✉r ♠♦❞❡❧ ♣r❡❞✐❝ts t❤❛t ❝♦♥s✉♠❡r s✉❜s✐❞✐③❛t✐♦♥ ✐♥ t❤❡ ♣r❡s❡♥❝❡
♦❢ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ✐s ❛ ❞✐r❡❝t ❝♦♥s❡q✉❡♥❝❡ ♦❢ ❝♦♠♣❡t✐t✐♦♥✳
■t s❤♦✉❧❞ ❜❡ ❝❧❡❛r t❤❛t ❜♦t❤ ♦❢ t❤❡ ❛❜♦✈❡ ❡✛❡❝ts ♦❢ ❝♦♠♣❡t✐t✐♦♥ ❜❡♥❡✜t ❝♦♥s✉♠❡rs✱ ❛❧❧♦✇✐♥❣ t❤❡♠
t♦ s❡❧❡❝t ✐♥t♦ ❧♦✇❡r ❞✐s❝❧♦s✉r❡ ❛❧t❡r♥❛t✐✈❡s ❛♥❞ s✉❜s✐❞✐③✐♥❣ t❤❡♠ ✉♥❞❡r ❤✐❣❤❡r ❧❡✈❡❧s ♦❢ ❞✐s❝❧♦s✉r❡✳
❚❤❡ ✜rst ❡✛❡❝t ❜❡♥❡✜ts ❤✐❣❤✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs t❤❡ ♠♦st✱ ❛♥❞ t❤❡ s❡❝♦♥❞ ❡✛❡❝t ❜❡♥❡✜ts ♠❛✐♥❧②
✶✽
❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs✳ ❇♦t❤ ❡✛❡❝ts ❛❧s♦ ❝♦♥tr✐❜✉t❡ t♦ ❡①♣❧❛✐♥ t❤❡ r❡❧❛t✐✈❡ ♣r♦✜t❛❜✐❧✐t② ♦❜t❛✐♥❡❞
❜② ❡❛❝❤ ❞✉♦♣♦❧✐st✳ ■♥ t❤❡ ♥❡①t s❡❝t✐♦♥ ✇❡ ❞✐s❡♥t❛♥❣❧❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤❡ ✐♠♣❛❝t ♦❢ ❝♦♠♣❡t✐t✐♦♥ ♦♥
✜r♠ ♣r♦✜ts ❛♥❞ ❝♦♥s✉♠❡r s✉r♣❧✉s✳
✺ ❉✐s❝✉ss✐♦♥
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ❡①❛♠✐♥❡ t❤❡ ♠❛♥❛❣❡r✐❛❧✱ ♣♦❧✐❝②✱ ❛♥❞ ❡♠♣✐r✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r r❡s✉❧ts✳ ■♥
♦r❞❡r t♦ ♣r♦❝❡❡❞ ✐t ✐s ✉s❡❢✉❧ t♦ ❢♦r♠❛❧✐③❡ ❛❞❞✐t✐♦♥❛❧ ♥♦t❛t✐♦♥ ✜rst✳ ❲❡ ✇✐❧❧ ❞❡♥♦t❡ t❤❡ ♠❛r❦❡t s❤❛r❡
♦❢ ✜r♠ j ❜② sj✳ ❚❤❡ ♠❛r❦❡t s❤❛r❡ ♦❢ ✜r♠ j ✇❤❡♥ s❡r✈✐♥❣ ❝♦♥s✉♠❡rs vi ∈ [v
−
j , v
+
j ] ✐♥ ❛ ❝♦✈❡r❡❞
♠❛r❦❡t ❝❛♥ ❜❡ ✇r✐tt❡♥ ❛s
sj =
v+j − v
−
j
V + − V −
.
❲❡ ❞❡✜♥❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ♦❢ ✜r♠ j✱ ❞❡♥♦t❡❞ ❜② Yj✱ ❛s t❤❡ t♦t❛❧ st♦❝❦ ♦❢ ❝♦♥s✉♠❡r
✐♥❢♦r♠❛t✐♦♥ ❛❝❝✉♠✉❧❛t❡❞ ❜② t❤❡ ✜r♠ ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳ ●✐✈❡♥ t❤❛t t❤❡ ♠❛r❦❡t ✐s ❝♦✈❡r❡❞ ✐♥
❡q✉✐❧✐❜r✐✉♠ ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ✐s ❤♦♠♦❣❡♥♦✉s ❛❝r♦ss ❝♦♥s✉♠❡rs s✐❣♥✐♥❣ ✉♣ ❢♦r ❡❛❝❤ s❡r✈✐❝❡✱
t❤❡ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ❞❡r✐✈❡❞ ❜② ✜r♠ j ✐s ❣✐✈❡♥ ❜②
Yj = sj yj.
❚❤❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞ ❜② ✜r♠ j✱ ❞❡♥♦t❡❞ ❜② Y dj ✱ ✐s t❤❡♥ ❣✐✈❡♥ ❜② Y
d
j = dj Yj✳
❲❡ ❝❛♥ ✇r✐t❡ t❤❡ s✉r♣❧✉s ❡♥❥♦②❡❞ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❜② ❝♦♥s✉♠❡rs s✐❣♥❡❞ ✉♣ ✇✐t❤ ✜r♠ j ❛s
CSj =
1
V + − V −
ˆ v+j
v−j
ui,j dvi
❲❡ st❛rt ❜② r❡✈✐❡✇✐♥❣ t❤❡ ♠❛♥❛❣❡r✐❛❧ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ♦✉r r❡s✉❧ts✳
✺✳✶ ▼❛♥❛❣❡r✐❛❧ ✐♠♣❧✐❝❛t✐♦♥s
❚❤❡ ♣r♦✜ts ♦❢ ✜r♠s ❝♦♠♣❡t✐♥❣ ✇✐t❤ ♣r✐✈❛❝② ❛r❡ ❛s②♠♠❡tr✐❝ ✐♥ ♦✉r ♠♦❞❡❧✳ Pr♦✜ts ✈❛r② ✇✐t❤ t❤❡
✈❛❧✉❛t✐♦♥s ♦❢ t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛t✐♦♥✱ ❛♥❞ ♥❡✐t❤❡r ❞✉♦♣♦❧✐st ❝♦♥s✐st❡♥t❧② ♦✉t♣❡r❢♦r♠s t❤❡ ♦t❤❡r
♦♥❡✳ ■♥s♣❡❝t✐♦♥ ♦❢ t❤❡ ❞✉♦♣♦❧② s♦❧✉t✐♦♥ ②✐❡❧❞s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳
Pr♦♣♦s✐t✐♦♥ ✹✳ ❉✉♦♣♦❧② ♣r♦✜ts ❛r❡ ✐♥❝r❡❛s✐♥❣ ✐♥ t❤❡ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥ s♣r❡❛❞ ✭❞❡❝r❡❛s✐♥❣ ✐♥
t❤❡ ✐♥t❡♥s✐t② ♦❢ ❝♦♠♣❡t✐t✐♦♥✮ ❛♥❞ ♥♦♥✲♠♦♥♦t♦♥✐❝ ✇✐t❤ r❡s♣❡❝t t♦ t❤❡ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥ ♠❡❛♥
✭✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②✮✳ ❚❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✜r♠ ❞❡r✐✈❡s ❤✐❣❤❡r ♣r♦✜ts ❛♥❞ ♠❛r❦❡t s❤❛r❡ ✇❤❡♥ t❤❡
✈❛❧✉❛t✐♦♥ ♠❡❛♥ ✐s ❧♦✇ ✭pil < pih ❛♥❞ sl < sh ✐♥ ❘❡❣✐♦♥s ❆ ❛♥❞ ❇✶✮✱ t❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✜r♠ ❞❡r✐✈❡s
❤✐❣❤❡r ♣r♦✜ts ❛♥❞ ♠❛r❦❡t s❤❛r❡ ✇❤❡♥ t❤❡ ✈❛❧✉❛t✐♦♥ ♠❡❛♥ ✐s ❤✐❣❤ ✭pil > pih ❛♥❞ sl > sh ✐♥ ❘❡❣✐♦♥
✶✾
18 V -=V * V -=V ** 138
Ev
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Duopolyprofits HΣv=114L
ΠlΠh
18 V -=V * V -=V ** 138
Ev
1
s
Duopolymarket shares HΣv=114L
sh
sl
❋✐❣✉r❡ ✺✿ ❉✉♦♣♦❧② ♣r♦✜ts ✭❧❡❢t✮ ❛♥❞ ♠❛r❦❡t s❤❛r❡s ✭r✐❣❤t✮ ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛✲
t✐♦♥✬s ✈❛❧✉❛t✐♦♥ ♠❡❛♥✳
❇✷✮✱ ❛♥❞ ❜♦t❤ ✜r♠s ❛r❡ ❡♥❣❛❣❡❞ ✐♥ ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ❞❡r✐✈❡ ③❡r♦ ♣r♦✜ts ✇❤❡♥ t❤❡ ✈❛❧✉❛t✐♦♥
♠❡❛♥ ✐s ✈❡r② ❤✐❣❤ ✭pil = pih = 0 ✐♥ ❘❡❣✐♦♥ ❈✮✳
❚❤❡ ♣r♦✜ts ♦❢ ❜♦t❤ ❞✉♦♣♦❧✐sts ✐♥❝r❡❛s❡ ✇✐t❤ t❤❡ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥ s♣r❡❛❞✱ ❣✐✈❡♥ t❤❛t ❛ ❤✐❣❤❡r
s♣r❡❛❞ ✐♥❝r❡❛s❡s t❤❡ s❝♦♣❡ ❢♦r ❞✐✛❡r❡♥t✐❛t✐♦♥ ✭s❡❡ ♦✉r ❞✐s❝✉ss✐♦♥ ❛❜♦✈❡ ✐♥ ❙❡❝t✐♦♥ ✹ ❛s ✇❡❧❧ ❛s
❋✐❣✉r❡ ✸✮✳ ❚❤❡ ♠❡❛♥ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛t✐♦♥✱ ✇❤✐❝❤ ❝❛♣t✉r❡s t❤❡ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②✱
❡①❤✐❜✐ts ❛ ♠♦r❡ ❝♦♠♣❧❡① ✐♠♣❛❝t ♦♥ ♣r♦✜ts ❛♥❞ ❞❡t❡r♠✐♥❡s t❤❡ ♣r♦✜t r❛♥❦✐♥❣ ♦❢ ❜♦t❤ ✜r♠s✳ ❲❤❡♥
t❤❡ ♠❡❛♥ ✈❛❧✉❛t✐♦♥ ✐s ❧♦✇ ✭❘❡❣✐♦♥s ❆ ❛♥❞ ❇✶ ✐♥ ❋✐❣✉r❡ ✷✮✱ t❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✜r♠ ❞❡r✐✈❡s ❤✐❣❤❡r
♣r♦✜ts ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳ ■t ❛❝❤✐❡✈❡s t❤✐s ❜② ❡♥❣❛❣✐♥❣ ✐♥ ❛ ❤✐❣❤ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ❛♥❞ ❤❡❛✈✐❧②
s✉❜s✐❞✐③✐♥❣ ❝♦♥s✉♠❡rs✳ ❈♦♥✈❡rs❡❧②✱ ✇❤❡♥ t❤❡ ♠❡❛♥ ✐s ❤✐❣❤ ✭❘❡❣✐♦♥ ❇✷✮✱ t❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✜r♠
♦✉t♣❡r❢♦r♠s t❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✜r♠ ❜② q✉♦t✐♥❣ ♣♦s✐t✐✈❡ ♣r✐❝❡s ❛♥❞ ♥♦t ❡♥❣❛❣✐♥❣ ✐♥ ❞✐s❝❧♦s✉r❡✳
❲❤❡♥ ♠❡❛♥ ✈❛❧✉❛t✐♦♥ ✐s ✈❡r② ❤✐❣❤ ✭❘❡❣✐♦♥ ❈✮✱ ♥❡✐t❤❡r ✜r♠ ❡♥❣❛❣❡s ✐♥ ❞✐s❝❧♦s✉r❡ ❛♥❞ ❜♦t❤ ❞❡r✐✈❡
③❡r♦ ♣r♦✜ts✳ ❋✐❣✉r❡ ✺ ♣❧♦ts t❤❡ ♣r♦✜ts ❛♥❞ ♠❛r❦❡t s❤❛r❡s ♦❢ ❜♦t❤ ✜r♠s t♦ ✐❧❧✉str❛t❡ t❤❡ ❛r❣✉♠❡♥t✳
❚❤❡ r❡s✉❧t ✐s ❞r✐✈❡♥ ❜② t❤❡ ❢❛❝t t❤❛t ❞✐s❝❧♦s✉r❡ ♣r✐❝❡s ❛r❡ ✜①❡❞ ✭❛♥❞ ❡①♦❣❡♥♦✉s✮ ✐♥ ♦✉r ♠♦❞❡❧✱
s♦ t❤❡ r❡❧❛t✐✈❡ ♣r♦✜t❛❜✐❧✐t② ♦❢ ❞✐s❝❧♦s✉r❡ ❢♦r ✜r♠s ❞❡♣❡♥❞s ♦♥ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s✳ ❲❤❡♥ ❝♦♥✲
s✉♠❡rs ❡①❤✐❜✐t ❧♦✇ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r t❤❡ s❡r✈✐❝❡✱ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❛r❡ ❝♦♠♣❛r❛t✐✈❡❧② ❤✐❣❤✱
s♦ t❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✜r♠ ❝❛♥ ♦✛❡r s✉❜s✐❞✐❡s t♦ ❛ttr❛❝t ❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ❛✇❛② ❢r♦♠ t❤❡
❝♦♠♣❡t✐t♦r ✇❤✐❧❡ r❡♠❛✐♥✐♥❣ ♣r♦✜t❛❜❧❡✳ ❲❤❡♥ ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r t❤❡ s❡r✈✐❝❡ ✐s
❤✐❣❤✱ ❤♦✇❡✈❡r✱ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❛r❡ ❧♦✇ ✐♥ ❝♦♠♣❛r✐s♦♥ ❛♥❞ ❛ttr❛❝t✐♥❣ ❝♦♥s✉♠❡rs t♦ t❤❡ ❤✐❣❤✲
❞✐s❝❧♦s✉r❡ s❡r✈✐❝❡ ✐s ❧❡ss ♣r♦✜t❛❜❧❡✳ ❚❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✜r♠ ❜❡❝♦♠❡s ❝♦♠♣❛r❛t✐✈❡❧② ♠♦r❡ ❛ttr❛❝t✐✈❡
❢♦r ❝♦♥s✉♠❡rs ❛♥❞ ❝❛♥ s✉st❛✐♥ ♣♦s✐t✐✈❡ ♣r✐❝❡s✳ ❲❤❡♥ t❤❡ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ✐s ✈❡r② ❤✐❣❤✱ s✉❝❤ t❤❛t
❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❛r❡ ❤✐❣❤ ❛♥❞ ♠♦st❧② ❤♦♠♦❣❡♥♦✉s✱ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❛r❡ ✐♥s✉✣❝✐❡♥t ❢♦r t❤❡
❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✜r♠ t♦ ♣r♦✜t❛❜❧② ❛ttr❛❝t ❝♦♥s✉♠❡rs ❣✐✈❡♥ t❤❛t t❤❡ s✉❜s✐❞✐❡s r❡q✉✐r❡❞ t♦ ❞♦ s♦
✇♦✉❧❞ r❡s✉❧t ✐♥ ♥❡❣❛t✐✈❡ ♣r♦✜ts✳ ❉✐✛❡r❡♥t✐❛t✐♦♥ t❤❡r❡❢♦r❡ ❝❛♥♥♦t ♣❛② ♦✛✱ ❛♥❞ ❜♦t❤ ✜r♠s ✇✐♥❞ ✉♣
s✉♣♣❧②✐♥❣ ③❡r♦✲❞✐s❝❧♦s✉r❡ s❡r✈✐❝❡s ❛♥❞ ❢❛❝❡ ✐♥t❡♥s❡ ♣r✐❝❡ ❝♦♠♣❡t✐t✐♦♥✳ ❚❤❡ r❡s✉❧t s❤♦✇s t❤❛t ❛♥
✷✵
✐♥❝r❡❛s❡ ✐♥ ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②✱ ✇❤✐❝❤ ✇♦✉❧❞ ❛❧✇❛②s ❜❡♥❡✜t ❛ ♠♦♥♦♣♦❧✐st✱ ❝❛♥ r❡♥❞❡r
✜r♠s ✇♦rs❡ ♦✛ ✉♥❞❡r ❝♦♠♣❡t✐t✐♦♥✳
❆♥♦t❤❡r ♣r♦♣❡rt② ♦❢ ♦✉r ♠♦❞❡❧ ✐s t❤❛t t❤❡ ♣r♦✜t r❛♥❦✐♥❣ ♦❢ ✜r♠s ❝♦rr❡s♣♦♥❞s ✇✐t❤ t❤❡✐r ♠❛r❦❡t
s❤❛r❡ r❛♥❦✐♥❣✳ ❆s s❤♦✇♥ ✐♥ ❋✐❣✉r❡ ✺✱ t❤❡ ♠♦st ♣r♦✜t❛❜❧❡ ✜r♠ ❛❧s♦ ❝♦♠♠❛♥❞s ❛ ❧❛r❣❡r ♠❛r❦❡t s❤❛r❡
✐♥ t❤❡ ❞✉♦♣♦❧② ❡q✉✐❧✐❜r✐✉♠✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✜r♠s ♠❛①✐♠✐③❡ ♣r♦✜ts ❛t t❤❡ ❡①t❡♥s✐✈❡ r❛t❤❡r t❤❛♥
t❤❡ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✱ ♦✉t♣❡r❢♦r♠✐♥❣ ❝♦♠♣❡t✐t♦rs ❜② ❛ttr❛❝t✐♥❣ ❛ ❧❛r❣❡r ❝✉st♦♠❡r ❜❛s❡ r❛t❤❡r t❤❛♥
❜② ❡①tr❛❝t✐♥❣ ❤✐❣❤❡r r❡✈❡♥✉❡s ❢r♦♠ ❛ s♠❛❧❧❡r ❜❛s❡✳ ❚❤✐s ❤♦❧❞s ❢♦r t❤❡ ✜r♠ ❡①♣❧♦✐t✐♥❣ ❞✐s❝❧♦s✉r❡
r❡✈❡♥✉❡s ✇❤❡♥ ❝♦♥s✉♠❡r ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ✐s ❧♦✇ ❛s ✇❡❧❧ ❛s ❢♦r t❤❡ ✜r♠ ❡①♣❧♦✐t✐♥❣ ♣r✐❝❡ r❡✈❡♥✉❡s
✇❤❡♥ ✐t ✐s ❤✐❣❤✳ ❆❧t❤♦✉❣❤ t❤❡ r❡s✉❧t ❤✐♥❣❡s ♦♥ ♦✉r ❛ss✉♠♣t✐♦♥ t❤❛t ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❛r❡
✉♥✐❢♦r♠❧② ❞✐str✐❜✉t❡❞✱ ✐t s✉❣❣❡sts t❤❛t ♠❛r❦❡t s❤❛r❡s ❝❛♥ ❜❡ ❛ ❣♦♦❞ ♣r❡❞✐❝t♦r ♦❢ ♣r♦✜t❛❜✐❧✐t② ❡✈❡♥
✇❤❡♥ ✜r♠s ❡①♣❧♦✐t ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ✭✐✳❡✳✱ ✜r♠s ❞♦ ♥♦t s❛❝r✐✜❝❡ ♣r♦✜ts ❢♦r ♠❛r❦❡t s❤❛r❡✮
❆♥ ✐♠♠❡❞✐❛t❡ t❛❦❡❛✇❛② ♦❢ ♦✉r ❛♥❛❧②s✐s ✐s t❤❛t ❧♦✇❡r ❞✐s❝❧♦s✉r❡ ✭❤✐❣❤❡r q✉❛❧✐t②✮ ❞♦❡s ♥♦t ✐♠♣❧②
❤✐❣❤❡r ♣r♦✜ts ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳ ■♥ ❢❛❝t✱ ✇❤❡♥ t❤❡ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ♦❢ t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛t✐♦♥
✐s ❧♦✇✱ t❤❡ ❝♦♥tr❛r② ✐s tr✉❡✳ ❚❤✐s ♦✉t❝♦♠❡ ❞✐✛❡rs ❢r♦♠ t❤❛t ♦❢ ❛ st❛♥❞❛r❞ ✈❡rt✐❝❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥
♠♦❞❡❧✱ ✇❤❡r❡ t❤❡ ❤✐❣❤❡st q✉❛❧✐t② ✜r♠ ✐s ❛❧✇❛②s t❤❡ ♠♦st ♣r♦✜t❛❜❧❡ ✭❛♥❞ ✇❤✐❝❤ ❝♦rr❡s♣♦♥❞s t♦
t❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✜r♠ ✐♥ ♦✉r ♠♦❞❡❧✱ ✇❤✐❝❤ ❤❛s t❤❡ ❤✐❣❤❡st ✐♥❢♦r♠❛t✐♦♥❛❧ q✉❛❧✐t② ❢♦r ❝♦♥s✉♠❡rs✮✳
❆♥♦t❤❡r ♣♦✐♥t ♦❢ ❞✐✈❡r❣❡♥❝❡ ✐s t❤❛t ❞✐✛❡r❡♥t✐❛t✐♦♥ ❝❛♥ ❜r❡❛❦ ❞♦✇♥ ✐♥ ♦✉r ♠♦❞❡❧✱ ✇✐t❤ ✜r♠s ❡♥❣❛❣✐♥❣
✐♥ ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥ ✇❤❡♥ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❛r❡ ✈❡r② ❤✐❣❤✳ ❇♦t❤ ❞✐✈❡r❣❡♥❝❡s ❛r❡ ❞✉❡ t♦ t❤❡
♣r❡s❡♥❝❡ ♦❢ ❛♥ ❛❞❞✐t✐♦♥❛❧ r❡✈❡♥✉❡ str❡❛♠ ✇❤✐❝❤ ✐s ✐♥✈❡rs❡❧② r❡❧❛t❡❞ t♦ q✉❛❧✐t②✱ ❛♥❞ ✇❤✐❝❤ ✐♥t❡♥s✐✜❡s
❝♦♠♣❡t✐t✐♦♥ ✐♥ ♦✉r ♠♦❞❡❧ ❜② ❡♥❛❜❧✐♥❣ ✜r♠s t♦ s✉❜s✐❞✐③❡ ❝♦♥s✉♠❡rs✳✶✸
✺✳✷ P♦❧✐❝② ✐♠♣❧✐❝❛t✐♦♥s
❲❡ ♥❡①t ❡①❛♠✐♥❡ ✐♥ ♠♦r❡ ❞❡t❛✐❧ t❤❡ ✐♠♣❧✐❝❛t✐♦♥s ♦❢ ❝♦♠♣❡t✐t✐♦♥ ♦♥ t❤❡ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦s ❛❝❝✉♠✉✲
❧❛t❡❞ ❛♥❞ ❞✐s❝❧♦s❡❞ ❜② ✜r♠s✳ ❚❤✐s ♣r♦✈✐❞❡s ❛ ✉s❡❢✉❧ ♠❡tr✐❝ ♦❢ ❝♦♥s✉♠❡r ♣r✐✈❛❝② ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡
❛♥❞ ❞❡t❡r♠✐♥❡s ✭t♦❣❡t❤❡r ✇✐t❤ ♣r✐❝❡s✮ t❤❡ s✉r♣❧✉s ❞❡r✐✈❡❞ ❜② ❝♦♥s✉♠❡rs✳ ■♥s♣❡❝t✐♦♥ ♦❢ Yj✱ Y
d
j ❛♥❞
CSj ♣r♦✈✐❞❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡s✉❧t✳
Pr♦♣♦s✐t✐♦♥ ✺✳ ❯♥❞❡r ❞✉♦♣♦❧②✱ t❤❡ st♦❝❦ ♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ♦❜t❛✐♥❡❞ ❜② ❡❛❝❤ ✜r♠ ✐s ❡q✉✐✈❛✲
❧❡♥t ✇❤❡♥ t❤❡② ❜♦t❤ ❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡✱ ❛♥❞ t❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✜r♠✬s st♦❝❦ ✐s ❧❛r❣❡r ✇❤❡♥ ✐t ❝❤♦♦s❡s
♥♦t t♦ ❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡ ✭Yh ≤ Yl ✇✐t❤ str✐❝t ✐♥❡q✉❛❧✐t② ✐❢ dl = 0✮✳ ❚♦t❛❧ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥
❞✐s❝❧♦s❡❞ ✐s ❞❡❝r❡❛s✐♥❣ ✐♥ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥ ♠❡❛♥ ✭✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②✮ ❛♥❞ ♥♦♥✲♠♦♥♦t♦♥✐❝ ✇✐t❤
r❡s♣❡❝t t♦ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥ s♣r❡❛❞ ✭✐♥t❡♥s✐t② ♦❢ ❝♦♠♣❡t✐t✐♦♥✮✳ ❈♦♠♣❛r✐s♦♥ ♦❢ t❤❡ ❞✉♦♣♦❧② ❛♥❞
✶✸❙❡❡ ❲❛✉t❤② ✭✶✾✾✻✮ ❢♦r ❛ ❞❡t❛✐❧❡❞ ❝❤❛r❛❝t❡r✐③❛t✐♦♥ ♦❢ ❡q✉✐❧✐❜r✐✉♠ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥s ❛♥❞ ♣r♦✜ts ✐♥ t❤❡
st❛♥❞❛r❞ ✈❡rt✐❝❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥ ♠♦❞❡❧✳ ❲❡ ♥♦t❡ t❤❛t t❤❡ ❇❡rtr❛♥❞ ♦✉t❝♦♠❡ ✐♥ ♦✉r ♠♦❞❡❧ ✐s s✐♠✐❧❛r t♦ t❤❡ ♣r❡❡♠♣t❡❞
♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥ ✐❞❡♥t✐✜❡❞ ❜② ❲❛✉t❤② ✇❤❡r❡ t❤❡ ❤✐❣❤✲q✉❛❧✐t② ✜r♠ ♣r✐❝❡s t❤❡ ❧♦✇✲q✉❛❧✐t② ✜r♠ ♦✉t ♦❢ t❤❡ ♠❛r❦❡t✳
■♥ ♦✉r ♠♦❞❡❧✱ t❤❡ ❤✐❣❤✲q✉❛❧✐t② ✜r♠ ❝❛♥♥♦t ♣r❡❡♠♣t t❤❡ ♠❛r❦❡t ❜② q✉♦t✐♥❣ ❛ ♣♦s✐t✐✈❡ ♣r✐❝❡ ❜❡❝❛✉s❡ t❤❡ ❧♦✇✲q✉❛❧✐t②
✜r♠ ❝❛♥ s✉st❛✐♥ ♥❡❣❛t✐✈❡ ♣r✐❝❡s ✇✐t❤ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s✳ ❈♦♠♣❡t✐t✐♦♥ ✐s t❤❡r❡❢♦r❡ ♠♦r❡ ✐♥t❡♥s❡ ❛♥❞ t❤❡ ♣r❡❡♠♣t❡❞
♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥ ❛r✐s❡s ♦♥❧② ✭✉♥❞❡r ❝♦♥s✉♠❡r ✐♥❞✐✛❡r❡♥❝❡ ❜❡t✇❡❡♥ ❜♦t❤ ✜r♠s✮ ✇❤❡♥ t❤❡ ❤✐❣❤✲q✉❛❧✐t② ✜r♠ ❧♦✇❡rs
✐ts ♣r✐❝❡ ❞♦✇♥ t♦ ③❡r♦✱ ❡✛❡❝t✐✈❡❧② ❞r✐✈✐♥❣ ❜♦t❤ ✜r♠s t♦ ❇❡rtr❛♥❞ ❝♦♠♣❡t✐t✐♦♥✳ ❆❧s♦ ♥♦t❡ t❤❛t t❤❡ ♠❛r❦❡t ✐s ♥❡✈❡r
♣r❡❡♠♣t❡❞ ❜② t❤❡ ❧♦✇✲q✉❛❧✐t② ✜r♠ ✐♥ ❲❛✉t❤②✬s ❛♥❛❧②s✐s ♥♦r ✐♥ ♦✉r ♠♦❞❡❧✱ ❞❡s♣✐t❡ t❤❡ ♣r❡s❡♥❝❡ ♦❢ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s✳
✷✶
V -=V * 15
Σv
Yd
Informationdisclosed HEv=23L
Ym
d
Yh
d
Yl
d
V -=V * 15
Σv
CS
Consumersurplus HEv=23L
CSh
CSl
CSm
❋✐❣✉r❡ ✻✿ ■♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞ ✭❧❡❢t✮ ❛♥❞ ❝♦♥s✉♠❡r s✉r♣❧✉s ❣❡♥❡r❛t❡❞ ❜② ❡❛❝❤ ✜r♠ ✭r✐❣❤t✮ ❛s ❛
❢✉♥❝t✐♦♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛t✐♦♥✬s ✈❛❧✉❛t✐♦♥ s♣r❡❛❞✳
♠♦♥♦♣♦❧② s♦❧✉t✐♦♥s r❡✈❡❛❧s t❤❛t ❝♦♠♣❡t✐t✐♦♥ ❣❡♥❡r❛❧❧② ❧♦✇❡rs ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞ ❛♥❞ ✐♥❝r❡❛s❡s
❝♦♥s✉♠❡r s✉r♣❧✉s ✭Y dh + Y
d
l ≤ Y
d
m ❡①❝❡♣t ❢♦r ❛ s✉❜s❡t ♦❢ ❘❡❣✐♦♥ ❇✷✱ ❛♥❞ CSh + CSl > CSm✮✳
❚♦ ✉♥❞❡rst❛♥❞ t❤❡ r❡s✉❧t✱ ❝♦♥s✐❞❡r ✜rst t❤❡ ❞❡t❡r♠✐♥❛♥ts ♦❢ t❤❡ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ❛❝❝✉♠✉❧❛t❡❞
❜② ✜r♠s ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳ ❚❤❡ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ♦❜t❛✐♥❡❞ ❜② ❡❛❝❤ ✜r♠ ✐s ❛ ❢✉♥❝t✐♦♥ ♦❢ ❜♦t❤
✐ts ✉s❡r ❜❛s❡ ❛♥❞ ✐ts ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ✖ ♦♥ ❤♦✇ ♠❛♥② ❝♦♥s✉♠❡rs ♣r♦✈✐❞❡ ✐t ✇✐t❤ ✐♥❢♦r♠❛t✐♦♥
❛♥❞ ❤♦✇ ♠✉❝❤ ✐♥❢♦r♠❛t✐♦♥ ❡❛❝❤ ❝♦♥s✉♠❡r ♣r♦✈✐❞❡s✳ ❯♥❞❡r ❞✉♦♣♦❧②✱ ✇❤❡♥ ❜♦t❤ ✜r♠s ❡♥❣❛❣❡ ✐♥
❞✐s❝❧♦s✉r❡✱ t❤❡② ♦❜t❛✐♥ t❤❡ s❛♠❡ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ✐♥ ❡q✉✐❧✐❜r✐✉♠ ❜❡❝❛✉s❡ ❛s②♠♠❡tr✐❡s ✐♥ t❤❡✐r
✉s❡r ❜❛s❡s ❛♥❞ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s ❡✈❡♥ ♦✉t ✭❘❡❣✐♦♥ ❆✮✳ ❲❤❡♥ t❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✜r♠ ❞♦❡s ♥♦t ❡♥❣❛❣❡
✐♥ ❞✐s❝❧♦s✉r❡✱ ✐t ♦❜t❛✐♥s ❛ ❧❛r❣❡r ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ t❤❛♥ t❤❡ ❝♦♠♣❡t✐t♦r ✭❘❡❣✐♦♥s ❇ ❛♥❞ ❈✱ ✉♥❞❡r
❝♦♥s✉♠❡r ✐♥❞✐✛❡r❡♥❝❡ ✐♥ t❤❡ ❧❛tt❡r✮✳
❚❤❡ t♦t❛❧ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ♦❜t❛✐♥❡❞ ❜② ✜r♠s ✐s ❣❡♥❡r❛❧❧② ❧❛r❣❡r ✉♥❞❡r ❞✉♦♣♦❧② t❤❛♥ ✉♥❞❡r
♠♦♥♦♣♦❧②✳ ❲❤❡♥ ❝♦♥s✉♠❡rs ✇✐t❤ ❧♦✇ ✈❛❧✉❛t✐♦♥s ❛r❡ ♣r❡s❡♥t ✭V − < 1✮ s♦ t❤❛t ❞✐s❝❧♦s✉r❡✲✐♥t❡♥s✐✈❡
s❡r✈✐❝❡s ❛r❡ s✉♣♣❧✐❡❞ ✉♥❞❡r ❜♦t❤ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥s✱ ❞✉♦♣♦❧✐sts ❣❡♥❡r❛❧❧② ♦❜t❛✐♥ ❛ ❤✐❣❤❡r ✐♥❢♦r✲
♠❛t✐♦♥ st♦❝❦✳ ❚❤✐s ❢♦❧❧♦✇s ❢r♦♠ t❤❡ ❢❛❝t t❤❛t t❤❡✐r ❛✈❡r❛❣❡ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧ ✐s ❧♦✇❡r t❤❛♥ t❤❛t ♦❢ t❤❡
♠♦♥♦♣♦❧✐st ❛♥❞ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ✐s ❧✐♥❡❛r ✐♥ ❞✐s❝❧♦s✉r❡✳ ❲❤❡♥ ♥♦ ❝♦♥s✉♠❡rs ✇✐t❤
❧♦✇ ✈❛❧✉❛t✐♦♥s ❛r❡ ♣r❡s❡♥t ✭V − > 1✮ s♦ t❤❛t ③❡r♦✲❞✐s❝❧♦s✉r❡ s❡r✈✐❝❡s ❛r❡ s✉♣♣❧✐❡❞✱ t❤❡ ✐♥❢♦r♠❛t✐♦♥
st♦❝❦ ❛❝❝✉♠✉❧❛t❡❞ ❜② ❞✉♦♣♦❧✐sts ❝♦✐♥❝✐❞❡s ✇✐t❤ t❤❛t ♦❢ t❤❡ ♠♦♥♦♣♦❧✐st✳ ❚❤❡ ❡①❝❡♣t✐♦♥ t♦ t❤❡ ❛❜♦✈❡
✐s t❤❡ r❡❣✐♦♥ ♥❡✐❣❤❜♦r✐♥❣ V − = 1 ✇❤❡r❡ ❞✉♦♣♦❧② ❞✐s❝❧♦s✉r❡s ❛r❡ ♠❛r❣✐♥❛❧❧② ❤✐❣❤❡r t❤❛♥ t❤❛t ♦❢
t❤❡ ♠♦♥♦♣♦❧✐st ✭t❤❡ s✉❜s❡t ♦❢ ❘❡❣✐♦♥ ❇✷ ✇❤❡r❡ V − > 1✱ ❣✐✈❡♥ t❤❛t dm = 0 < dh✮✳ ❚❤❡r❡❢♦r❡✱
✐❢ t❤❡ ♣♦❧✐❝② ♠❛❦❡r✬s ❣♦❛❧ ✇❡r❡ t♦ ♠❛①✐♠✐③❡ t❤❡ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ❛❝❝✉♠✉❧❛t❡❞ ❜② ✜r♠s ✐♥ t❤❡
♠❛r❦❡t♣❧❛❝❡✱ ♦✉r ♠♦❞❡❧ s✉❣❣❡sts t❤❛t ❡✛❡❝t✐✈❡ ❝♦♠♣❡t✐t✐♦♥ ✐s t❤❡ ❜❡st ✇❛② t♦ ❛❝❤✐❡✈❡ ✐t✳
❈♦♥s✐❞❡r ♥❡①t t❤❡ ❡✛❡❝t✐✈❡ st♦❝❦ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞ ❜② ✜r♠s✱ ❛s ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳
❚❤❡ t♦t❛❧ st♦❝❦ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞ ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡ ✐s ❣❡♥❡r❛❧❧② ❧♦✇❡r ✉♥❞❡r ❞✉♦♣♦❧② t❤❛♥
✉♥❞❡r ♠♦♥♦♣♦❧② ✭✇✐t❤ t❤❡ ❡①❝❡♣t✐♦♥ ♦❢ t❤❡ s✉❜s❡t ♦❢ ❘❡❣✐♦♥ ❇✷ ♥♦t❡❞ ❛❜♦✈❡✮✳ ❈♦♠♣❡t✐t✐♦♥ ❞r✐✈❡s
✷✷
✜r♠s t♦ ❛❝❝✉♠✉❧❛t❡ ❛ ❧❛r❣❡r ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ❛♥❞ ❞✐s❝❧♦s❡ ❛ s♠❛❧❧❡r ♣❛rt ♦❢ ✐t✳ ▼♦r❡♦✈❡r✱ ❛ ❤✐❣❤
❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ✉♥❞❡r ❝♦♠♣❡t✐t✐♦♥ ♥❡❡❞ ♥♦t r❡s✉❧t ✐♥ ❛ ❤✐❣❤ ✈♦❧✉♠❡ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞✱
❜❡❝❛✉s❡ ❝♦♥s✉♠❡rs ❛❝❝♦✉♥t ❢♦r ✐t ✇❤❡♥ s❡❧❡❝t✐♥❣ ✇❤✐❝❤ s❡r✈✐❝❡ t♦ ♣❛tr♦♥✐③❡✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t
t❤❡ ❡✛❡❝t✐✈❡ st♦❝❦ ♦❢ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞ ❜② t❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✜r♠ ✐♥ ❡q✉✐❧✐❜r✐✉♠ Y dh ✈❛r✐❡s
♦♥❧② ♠❛r❣✐♥❛❧❧② ✇✐t❤ ✐ts ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧ dh✳
❆♥ ✐♠♣♦rt❛♥t r❡s✉❧t ♦❢ ♦✉r ♠♦❞❡❧ ✐s t❤❛t ❤✐❣❤❡r ❝♦♠♣❡t✐t✐♦♥ ✐♥t❡♥s✐t② ♥❡❡❞ ♥♦t ✐♠♣r♦✈❡ ❝♦♥✲
s✉♠❡r ♣r✐✈❛❝② ✐♥ t❤❡ ♠❛r❦❡t♣❧❛❝❡✳ ❖r ♠♦r❡ ♣r❡❝✐s❡❧②✱ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ s♣r❡❛❞ ♦❢ ❝♦♥s✉♠❡rs✬
✈❛❧✉❛t✐♦♥ ❞✐str✐❜✉t✐♦♥✱ ✇❤✐❝❤ ✐♥t❡♥s✐✜❡s ❝♦♠♣❡t✐t✐♦♥✱ ❝❛♥ ✐♥❝r❡❛s❡ ✐♥❢♦r♠❛t✐♦♥ ❞✐s❝❧♦s❡❞ Y dh + Y
d
l
r❛t❤❡r t❤❛♥ ❞❡❝r❡❛s❡ ✐t✳ ❚❤❡ ✐♥t✉✐t✐♦♥ ❢♦r t❤✐s r❡s✉❧t ❧✐❡s ✐♥ t❤❡ ❢❛❝t t❤❛t ✜r♠s ❝❛♥ tr❛♥s❧❛t❡ ❝♦♠✲
♣❡t✐t✐✈❡ ♣r❡ss✉r❡ ❜♦t❤ t♦ ♣r✐❝❡s ❛♥❞ t♦ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s✱ s♦ ❝♦♠♣❡t✐t✐♦♥ ❝❛♥ ❞✐s❝✐♣❧✐♥❡ t❤❡ ❢♦r♠❡r
r❛t❤❡r t❤❛♥ t❤❡ ❧❛tt❡r✳ ❈♦♥s✐❞❡r t❤❡ ✐♠♣❛❝t ♦❢ ❛ r❡❞✉❝t✐♦♥ ✐♥ t❤❡ ✈❛❧✉❛t✐♦♥ s♣r❡❛❞ t❤❛t ✐♥t❡♥s✐✲
✜❡s ❝♦♠♣❡t✐t✐♦♥✳ ❲❤❡♥ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❛r❡ ❧♦✇ ✭❘❡❣✐♦♥s ❆ ❛♥❞ ❇✶✮ ✜r♠s t❡♥❞ t♦ r❡❞✉❝❡
♣r✐❝❡s ❛♥❞ ✐♥❝r❡❛s❡ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s✱ ❞r✐✈✐♥❣ ✉♣ Y dh + Y
d
l ✳ ❲❤❡♥ ❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❛r❡ ❤✐❣❤
✭❘❡❣✐♦♥ ❇✷✮✱ ✜r♠s t❡♥❞ t♦ r❛✐s❡ ♣r✐❝❡s ❛♥❞ r❡❞✉❝❡ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s ✐♥st❡❛❞✱ ❞r✐✈✐♥❣ ❞♦✇♥ Y dh +Y
d
l ✳
■♥t✉✐t✐✈❡❧②✱ ✜r♠s ♣r❡❢❡r t♦ s❛❝r✐✜❝❡ t❤❡ r❡✈❡♥✉❡ s♦✉r❝❡ t❤❛t ✐s ❧❡ss ♣r♦✜t❛❜❧❡ ❛♥❞ ❝❛♥ ❞♦ s♦ ❜② ❝♦♠✲
♣❡♥s❛t✐♥❣ ❝♦♥s✉♠❡rs t❤r♦✉❣❤ t❤❡ ♦t❤❡r s♦✉r❝❡ ✭t❤r♦✉❣❤ ❧♦✇❡r ♣r✐❝❡s✱ ♦r t❤r♦✉❣❤ ❧♦✇❡r ❞✐s❝❧♦s✉r❡✮✳
❚❤❡r❡❢♦r❡✱ ❤✐❣❤ ✈♦❧✉♠❡s ♦❢ ❞✐s❝❧♦s❡❞ ✐♥❢♦r♠❛t✐♦♥ s❤♦✉❧❞ ❜❡ ❡①♣❡❝t❡❞ ✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡t♣❧❛❝❡
✇❤❡♥ ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ❢♦r s❡r✈✐❝❡s ✐s ❧♦✇ r❡❧❛t✐✈❡ t♦ t❤❡ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❛✈❛✐❧❛❜❧❡
t♦ ✜r♠s✳✶✹
■t ✐s ❛❧s♦ ✐♥t❡r❡st✐♥❣ t♦ ❡✈❛❧✉❛t❡ t❤❡ r❛♥❦✐♥❣ ♦❢ ❜♦t❤ ❞✉♦♣♦❧✐sts ✐♥ ❣❡♥❡r❛t✐♥❣ ❝♦♥s✉♠❡r s✉r♣❧✉s✱
✇❤✐❝❤ ✐s ❛❧s♦ ❞❡♣✐❝t❡❞ ✐♥ ❋✐❣✉r❡ ✻✳ ❚❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ❞✉♦♣♦❧✐st ❣❡♥❡r❛t❡s ❤✐❣❤❡r ❝♦♥s✉♠❡r s✉r♣❧✉s
✐♥ t❤❡ ♠❛r❦❡t ✇❤❡♥ ✐t ❡♥❣❛❣❡s ✐♥ ❤✐❣❤ ❧❡✈❡❧s ♦❢ ❞✐s❝❧♦s✉r❡ ✭❘❡❣✐♦♥ ❆ ❛♥❞ ❛ ♥❡✐❣❤❜♦r✐♥❣ s✉❜s❡t ♦❢
❘❡❣✐♦♥ ❇✮✳ ❘❡❝❛❧❧ t❤❛t t❤✐s ❞✉♦♣♦❧✐st s❡ts ❛ ❤✐❣❤❡r ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧ t❤❛♥ t❤❛t ♦❢ t❤❡ ♠♦♥♦♣♦❧✐st ✐♥
t❤✐s r❛♥❣❡✱ dh > dm✳ ❚❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ❞✉♦♣♦❧✐st ❜❡❝♦♠❡s t❤❡ ❧❛r❣❡st ❝♦♥tr✐❜✉t♦r t♦ ❝♦♥s✉♠❡r
s✉r♣❧✉s ✇❤❡♥ ✐t ❝❤♦♦s❡s ♥♦t t♦ ❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡ ✭♠♦st ♦❢ ❘❡❣✐♦♥ ❇✮✳ ❚❤❡ r❡s✉❧t ✉♥❞❡rs❝♦r❡s
t❤❡ ❢❛❝t t❤❛t ✐♥❢♦r♠❡❞ r❛t✐♦♥❛❧ ❝♦♥s✉♠❡rs ❝❛♥ ❜❡♥❡✜t ❜♦t❤ ❢r♦♠ s❡r✈✐❝❡s ✐♥t❡♥s✐✈❡ ✐♥ ❞✐s❝❧♦s✉r❡
❛s ✇❡❧❧ ❛s ❢r♦♠ s❡r✈✐❝❡s t❤❛t ❛r❡ ♥♦t✱ ❛♥❞ ♥❡✐t❤❡r ❝♦♠♠❛♥❞s s✉♣❡r✐♦r ✇❡❧❢❛r❡ ♣r♦♣❡rt✐❡s ✐♥ t❤❡
♠❛r❦❡t♣❧❛❝❡✳
✶✹❚♦ ❡✈❛❧✉❛t❡ t❤❡ r♦❜✉st♥❡ss ♦❢ t❤✐s r❡s✉❧t ✇❡ ❤❛✈❡ ❛❧s♦ ❛♥❛❧②③❡❞ t❤❡ ❝❛s❡ ✇❤❡r❡ ✜r♠s ❛r❡ ❤♦r✐③♦♥t❛❧❧② ❞✐✛❡r❡♥t✐✲
❛t❡❞✱ s♦❧✈✐♥❣ ❛ ❍♦t❡❧❧✐♥❣ ✈❛r✐❛♥t ♦❢ ♦✉r ♠♦❞❡❧ ✇❤❡r❡ ❝♦♥s✉♠❡r ✉t✐❧✐t② ✐s ❣✐✈❡♥ ❜② ui,j = v yi,j(1−yi,j−dj)−t di,j−pj
✭t❤❡ ❛♥❛❧②s✐s ✐s ❛✈❛✐❧❛❜❧❡ ❢r♦♠ t❤❡ ❛✉t❤♦rs ♦♥ r❡q✉❡st✮✳ ■♥ t❤✐s ♠♦❞❡❧✱ ❝♦♥s✉♠❡rs ❛r❡ ❤♦♠♦❣❡♥❡♦✉s ✐♥ t❤❡✐r ✈❛❧✉❛t✐♦♥
v ❜✉t ❞✐✛❡r ✐♥ t❤❡✐r ❞✐st❛♥❝❡ di,j t♦ ✜r♠s✱ ❡①❤✐❜✐t✐♥❣ ❛♥ ✐❞✐♦s②♥❝r❛t✐❝ ♣r❡❢❡r❡♥❝❡ ❢♦r ♦♥❡ ♦❢ t❤❡♠✳ ❚❤❡ ✐♥t❡♥s✐t②
♦❢ ❝♦♠♣❡t✐t✐♦♥ ✐s ❝❛♣t✉r❡❞ ❜② tr❛♥s♣♦rt ❝♦st ♣❛r❛♠❡t❡r t✳ ■♥ ❛ ❝♦✈❡r❡❞ ♠❛r❦❡t ❡q✉✐❧✐❜r✐✉♠✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t
✜r♠s s❡t t❤❡ ♠♦♥♦♣♦❧② ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✶✱ s♦ ❤✐❣❤❡r ✐♥t❡♥s✐t② ♦❢ ❝♦♠♣❡t✐t✐♦♥ ✭❧♦✇❡r
tr❛♥s♣♦rt ❝♦st t✮ ❞♦❡s ♥♦t ✐♠♣r♦✈❡ ❝♦♥s✉♠❡r ♣r✐✈❛❝②✳ ❚❤✐s ❝♦♥✜r♠s t❤❛t ♦✉r r❡s✉❧t ✐s ♥♦t ❛♥ ❛rt✐❢❛❝t ♦❢ ♦✉r ❢♦❝✉s
♦♥ ✈❡rt✐❝❛❧ ❞✐✛❡r❡♥t✐❛t✐♦♥✱ ❛♥❞ s✉❣❣❡sts t❤❛t ❝♦♥s✉♠❡r ♣r❡❢❡r❡♥❝❡s ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ s❤❛♣✐♥❣ t❤❡ ✐♥t❡r♣❧❛②
♦❢ ❝♦♠♣❡t✐t✐♦♥ ❛♥❞ ♣r✐✈❛❝②✳
✷✸
✺✳✸ ❊♠♣✐r✐❝❛❧ ✐♠♣❧✐❝❛t✐♦♥s
■♥ t❤✐s s❡❝t✐♦♥ ✇❡ ✐❞❡♥t✐❢② q✉❛❧✐t❛t✐✈❡ ♣r❡❞✐❝t✐♦♥s t❤❛t ❝❛♥ ❜❡ ❞r❛✇♥ ❢r♦♠ ♦✉r r❡s✉❧ts ❛♥❞ t❡st❡❞
✇✐t❤ ♠❛r❦❡t ❞❛t❛ ✐♥ ❢✉t✉r❡ ❡♠♣✐r✐❝❛❧ r❡s❡❛r❝❤✳ ❲❡ st❛rt ❜② s✉♠♠❛r✐③✐♥❣ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ ❞✉♦♣♦❧②
❡q✉✐❧✐❜r✐❛ ✐♥ ♦✉r ♠♦❞❡❧✳ ❚❤❡ ❢♦❧❧♦✇✐♥❣ t❛❜❧❡ ✐❞❡♥t✐✜❡s ❡q✉✐❧✐❜r✐✉♠ ♣r❡❞✐❝t✐♦♥s ❛s ❛ ❢✉♥❝t✐♦♥ ♦❢
❝♦♥s✉♠❡r ✈❛❧✉❛t✐♦♥s ❢♦r t❤❡ s❡r✈✐❝❡✳
▲♦✇ s♣r❡❛❞ σv ❍✐❣❤ s♣r❡❛❞ σv
❍✐❣❤ ♠❡❛♥ Ev ✭❘❡❣✐♦♥ ❈✮
ph = pl = 0
dl = dh = 0
pil = pih = 0
sl + sh = 1
Yl =
sl
2
, Yh =
sh
2
✭❘❡❣✐♦♥ ❇✷✮
ph < 0 < pl
dl = 0 < dh
pil > pih
sl > sh
Yl > Yh
▲♦✇ ♠❡❛♥ Ev ✭❘❡❣✐♦♥ ❆✮
ph < pl < 0
0 < dl < dh
pil < pih
sl < sh
Yl = Yh
✭❘❡❣✐♦♥ ❇✶✮
ph < 0 < pl
dl = 0 < dh
pil < pih
sl < sh
Yl > Yh
❋✐r♠ ♣r♦✜ts ❛r❡ ❤✐❣❤❡r ✐♥ t❤❡ q✉❛❞r❛♥ts t♦ t❤❡ r✐❣❤t ✇❤❡r❡ t❤❡r❡ ✐s ❛ ❤✐❣❤ s♣r❡❛❞✱ ❛s ❞✐s❝✉ss❡❞
✐♥ ❙❡❝t✐♦♥ ✺✳✶✳ ❚♦ ✐❧❧✉str❛t❡ t❤❡ ♣r♦♣❡rt✐❡s ♦❢ t❤❡s❡ q✉❛❞r❛♥ts ✐t ✐s ✉s❡❢✉❧ t♦ r❡t✉r♥ t♦ t❤❡ ▼✐❝r♦s♦❢t
❛♥❞ ❆♠❛③♦♥ ❡①❛♠♣❧❡s ✇❡ ♦✉t❧✐♥❡❞ ✐♥ t❤❡ ✐♥tr♦❞✉❝t✐♦♥✳ ▼✐❝r♦s♦❢t✬s ❖✣❝❡ ✸✻✺ s❡r✈✐❝❡ ♠❛t❝❤❡s
t❤❡ str❛t❡❣② ♦❢ ✜r♠ l ✐♥ t❤❡ t♦♣✲r✐❣❤t q✉❛❞r❛♥t✱ ❛♥❞ ❆♠❛③♦♥✬s ❙♣❡❝✐❛❧ ❖✛❡rs ♣r♦❣r❛♠ ♠❛t❝❤❡s
t❤❛t ♦❢ ✜r♠ h ✐♥ t❤❡ ❜♦tt♦♠✲❧❡❢t q✉❛❞r❛♥t✳ ▼✐❝r♦s♦❢t ❝♦♠♣❡t❡s ✇✐t❤ ●♦♦❣❧❡ ✐♥ t❤❡ ♠❛r❦❡t ❢♦r
♦✣❝❡ s♦❢t✇❛r❡ ❛♣♣❧✐❝❛t✐♦♥s ❜② ❝♦♠♠✐tt✐♥❣ t♦ ❛ ♥♦✲❞✐s❝❧♦s✉r❡ ♣♦❧✐❝② ❛♥❞ s❡tt✐♥❣ ❝♦♠♣❛r❛t✐✈❡❧②
❤✐❣❤ ♣r✐❝❡s ❢♦r ✐ts ❖✣❝❡ ✸✻✺ s❡r✈✐❝❡✳ ❆♠❛③♦♥ ❝♦♠♣❡t❡s ✇✐t❤ ●♦♦❣❧❡ ✐♥ t❤❡ ♠❛r❦❡t ❢♦r r❡t❛✐❧
s❡❛r❝❤ ✐♥t❡r♠❡❞✐❛t✐♦♥ ❜② ❡♥❣❛❣✐♥❣ ✐♥ ❛ ❤✐❣❤❡r ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡ ✇✐t❤ t❤✐r❞✲♣❛rt② s❡❧❧❡rs ❛♥❞ s❡tt✐♥❣
❝♦♠♣❛r❛t✐✈❡❧② ❤✐❣❤❡r ❝♦♥s✉♠❡r s✉❜s✐❞✐❡s ✇✐t❤ ✐ts ❙♣❡❝✐❛❧ ❖✛❡rs ♣r♦❣r❛♠✳ ●♦♦❣❧❡ ✐♥ t✉r♥ ❝♦♠♣❡t❡s
❜② ❡①♣❧♦✐t✐♥❣ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ✐♥ ❜♦t❤ ♠❛r❦❡ts✳ ❲❡ ❡①♣❡❝t ❛✈❡r❛❣❡ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② Ev ❛♥❞
❝♦♥s✉♠❡r ❤❡t❡r♦❣❡♥❡✐t② σv t♦ ❜❡ ❤✐❣❤❡r ✐♥ t❤❡ ♠❛r❦❡t ❢♦r ♦✣❝❡ s♦❢t✇❛r❡ t❤❛♥ ✐♥ t❤❛t ❢♦r r❡t❛✐❧
s❡❛r❝❤ ✐♥t❡r♠❡❞✐❛t✐♦♥✱ ❛♠♦♥❣ ♦t❤❡r ❢❛❝t♦rs ❜❡❝❛✉s❡ ✐t ✐s ❤❡❛✈✐❧② ♣❛rt✐❝✐♣❛t❡❞ ❜② ❜✉s✐♥❡ss❡s ✐♥
❛❞❞✐t✐♦♥ t♦ ❝♦♥s✉♠❡rs✳ ❖✉r ❛♥❛❧②s✐s ✇♦✉❧❞ t❤❡♥ s✉❣❣❡st t❤❛t ❜♦t❤ ▼✐❝r♦s♦❢t ❛♥❞ ❆♠❛③♦♥ ❛r❡
❞❡♣❧♦②✐♥❣ s✉❝❝❡ss❢✉❧ ❜✉s✐♥❡ss ♠♦❞❡❧s t♦ ❝♦♠♣❡t❡ ✇✐t❤ ●♦♦❣❧❡ ✐♥ t❤❡s❡ ♠❛r❦❡ts✳
❇❛s❡❞ ♦♥ ♦✉r ♣r❡❝❡❞✐♥❣ ❛♥❛❧②s✐s ❛♥❞ t❤❡ ❡q✉✐❧✐❜r✐✉♠ ♣r♦♣❡rt✐❡s ❧✐st❡❞ ✐♥ t❤❡ t❛❜❧❡✱ ✇❡ ♥❡①t
♦✉t❧✐♥❡ t❤r❡❡ ♠❛✐♥ ❡♠♣✐r✐❝❛❧ ♣r❡❞✐❝t✐♦♥s ❣❡♥❡r❛t❡❞ ❜② ♦✉r ♠♦❞❡❧✳
❊♠♣✐r✐❝❛❧ ♣r❡❞✐❝t✐♦♥ ✶✳ ✭❇✉s✐♥❡ss ♠♦❞❡❧s✮ ❋✐r♠s ❡♥❥♦②✐♥❣ s✐❣♥✐✜❝❛♥t ♠❛r❦❡t ♣♦✇❡r ❡①♣❧♦✐t ❜♦t❤
♣r✐❝❡ ❛♥❞ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s✱ ❛♥❞ ✜r♠s ✉♥❞❡r ❝♦♠♣❡t✐t✐✈❡ ♣r❡ss✉r❡ ❡①♣❧♦✐t ❛ s✐♥❣❧❡ r❡✈❡♥✉❡ s♦✉r❝❡✳
Pr♦♣♦s✐t✐♦♥ ✶ s❤♦✇s t❤❛t t❤❡ ♠♦♥♦♣♦❧✐st ❡①♣❧♦✐ts ❜♦t❤ ❞✐s❝❧♦s✉r❡ ❛♥❞ ♣r✐❝❡ r❡✈❡♥✉❡s s✐♠✉❧t❛✲
♥❡♦✉s❧②✱ ❛♥❞ Pr♦♣♦s✐t✐♦♥ ✷ s❤♦✇s t❤❛t ✜r♠s ✉♥❞❡r ❝♦♠♣❡t✐t✐✈❡ ♣r❡ss✉r❡ t❡♥❞ t♦ ❡①♣❧♦✐t ❛ s✐♥❣❧❡
✷✹
r❡✈❡♥✉❡ s♦✉r❝❡ ✭s❡❡ ❛❧s♦ Pr♦♣♦s✐t✐♦♥ ✸ ❛♥❞ ♦✉r r❡❧❛t❡❞ ❞✐s❝✉ss✐♦♥✮✳ ❚❤✐s ♣r❡❞✐❝t✐♦♥ ✐♠♣❧✐❡s t❤❛t
▼✐❝r♦s♦❢t ❛♥❞ ❆♠❛③♦♥✱ ✇❤✐❝❤ ❛r❡ ✉♥❞❡r ❝♦♠♣❡t✐t✐✈❡ ♣r❡ss✉r❡ ❢r♦♠ ●♦♦❣❧❡ ✐♥ t❤❡ ♠❛r❦❡ts ✐❞❡♥t✐✲
✜❡❞ ✐♥ ♦✉r ❡①❛♠♣❧❡s✱ s❤♦✉❧❞ ❡①♣❧♦✐t ❛ s✐♥❣❧❡ r❡✈❡♥✉❡ s♦✉r❝❡✳
❊♠♣✐r✐❝❛❧ ♣r❡❞✐❝t✐♦♥ ✷✳ ✭Pr♦✜t❛❜✐❧✐t②✮ ❲❤❡♥ t❤❡ ❛✈❡r❛❣❡ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ✐s ❧♦✇ ✭❤✐❣❤✮ r❡❧❛t✐✈❡
t♦ ♣♦t❡♥t✐❛❧ ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡t♣❧❛❝❡✱ t❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✭❧♦✇✲❞✐s❝❧♦s✉r❡✮
✜r♠ r❡❛❧✐③❡s ❤✐❣❤❡r ♣r♦✜ts✳
Pr♦♣♦s✐t✐♦♥ ✹ s❤♦✇s t❤❛t t❤❡ r❡❧❛t✐✈❡ ♣❡r❢♦r♠❛♥❝❡ ♦❢ ✜r♠s ❝♦♠♣❡t✐♥❣ ✇✐t❤ ♣r✐✈❛❝② ❞❡♣❡♥❞s ♦♥
t❤❡ ✈❛❧✉❛t✐♦♥ ♠❡❛♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r ♣♦♣✉❧❛t✐♦♥✳ ❲❤❡♥ ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ✐s ❧♦✇ r❡❧❛t✐✈❡
t♦ t❤❡ r❡✈❡♥✉❡s ✜r♠s ❝❛♥ ❣❡♥❡r❛t❡ ❜② ❞✐s❝❧♦s✐♥❣ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥✱ ✜r♠s ❡①♣❧♦✐t✐♥❣ ❞✐s❝❧♦s✉r❡
r❡✈❡♥✉❡s ❞❡r✐✈❡ ❤✐❣❤❡r ♣r♦✜ts✳ ❚❤❡ ❝♦♥tr❛r② ✐s tr✉❡ ✇❤❡♥ t❤❡ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ♦❢ ❝♦♥s✉♠❡rs ✐s
r❡❧❛t✐✈❡❧② ❤✐❣❤✳ ❚❤✐s ♣r❡❞✐❝t✐♦♥ ✐♠♣❧✐❡s t❤❛t ▼✐❝r♦s♦❢t ❛♥❞ ❆♠❛③♦♥ s❤♦✉❧❞ ❜❡ ♠♦r❡ ♣r♦✜t❛❜❧❡
t❤❛♥ ●♦♦❣❧❡ ✐♥ t❤❡ ♠❛r❦❡ts ✐❞❡♥t✐✜❡❞ ✐♥ ♦✉r ❡①❛♠♣❧❡s✳ ❲❡ ❛❧s♦ ♥♦t❡ t❤❛t ♠❛r❦❡t s❤❛r❡s ❛♥❞ ♣r♦✜t
r❛♥❦✐♥❣s ❛r❡ ♣♦s✐t✐✈❡❧② ❝♦rr❡❧❛t❡❞ ✐♥ ♦✉r ♠♦❞❡❧✱ s♦ ✇❡ s❤♦✉❧❞ ❡①♣❡❝t ▼✐❝r♦s♦❢t ❛♥❞ ❆♠❛③♦♥ t♦ ❛❧s♦
❞❡r✐✈❡ ❧❛r❣❡r ♠❛r❦❡t s❤❛r❡s✳
❊♠♣✐r✐❝❛❧ ♣r❡❞✐❝t✐♦♥ ✸✳ ✭■♥❢♦r♠❛t✐♦♥✮ ■♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡t♣❧❛❝❡✱ t❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✜r♠
♦♥❧② ♦❜t❛✐♥s ❛ ❧❛r❣❡r st♦❝❦ ♦❢ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ t❤❛♥ t❤❡ ❤✐❣❤✲❞✐s❝❧♦s✉r❡ ✜r♠ ✇❤❡♥ s❡tt✐♥❣ ❛
♥♦✲❞✐s❝❧♦s✉r❡ ♣♦❧✐❝②✳
Pr♦♣♦s✐t✐♦♥ ✺ s❤♦✇s t❤❛t t❤❡ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦s ❛❝❝✉♠✉❧❛t❡❞ ❜② ❜♦t❤ ❞✉♦♣♦❧✐sts ❝♦✐♥❝✐❞❡ ✇❤❡♥
t❤❡② ❜♦t❤ ❡♥❣❛❣❡ ✐♥ ❛ ♣♦s✐t✐✈❡ ❧❡✈❡❧ ♦❢ ❞✐s❝❧♦s✉r❡✳ ❲❤❡♥ t❤❡ ❧♦✇✲❞✐s❝❧♦s✉r❡ ✜r♠ ❝❤♦♦s❡s ♥♦t t♦
❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡✱ ❤♦✇❡✈❡r✱ ✐t ♦❜t❛✐♥s ❛ ❧❛r❣❡r ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ t❤❛♥ t❤❡ ❝♦♠♣❡t✐t♦r✳ ❚❤❡r❡❢♦r❡✱
❆♠❛③♦♥ ❛♥❞ ●♦♦❣❧❡ s❤♦✉❧❞ ❛❝❝✉♠✉❧❛t❡ ❛♥ ❡q✉✐✈❛❧❡♥t ✐♥❢♦r♠❛t✐♦♥ st♦❝❦ ❢r♦♠ ❝♦♥s✉♠❡rs ✐♥ t❤❡
♠❛r❦❡t ❢♦r r❡t❛✐❧ s❡❛r❝❤ ✐♥t❡r♠❡❞✐❛t✐♦♥✱ ❣✐✈❡♥ t❤❛t t❤❡② ❜♦t❤ ❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡✳ ■♥ t❤❡ ♠❛r❦❡t
❢♦r ♦✣❝❡ s♦❢t✇❛r❡ ❛♣♣❧✐❝❛t✐♦♥s✱ ❤♦✇❡✈❡r✱ ▼✐❝r♦s♦❢t s❤♦✉❧❞ ❛❝❝✉♠✉❧❛t❡ ❛ ❧❛r❣❡r ✐♥❢♦r♠❛t✐♦♥ st♦❝❦
♦❢ ❞♦❝✉♠❡♥ts t❤❛♥ ●♦♦❣❧❡ ❉♦❝s ❜❡❝❛✉s❡ ✐t ♣r♦✈✐❞❡s ❛ ♥♦✲❞✐s❝❧♦s✉r❡ s❡r✈✐❝❡ ✇❤✐❧❡ ●♦♦❣❧❡ ❞♦❡s ♥♦t✳
✻ ❈♦♥❝❧✉❞✐♥❣ r❡♠❛r❦s
❆t t❤❡ ♦✉ts❡t ♦❢ t❤✐s ♣❛♣❡r ✇❡ s❡t ♦✉t t♦ ❛❞❞r❡ss s♦♠❡ q✉❡st✐♦♥s ✇❤✐❝❤ ❝❛♥ ♥♦✇ ❜❡ ❛♥s✇❡r❡❞✳ ❋✐rst✱
❤♦✇ ❞♦❡s ♣r✐✈❛❝② ❛✛❡❝t ❝♦♠♣❡t✐t✐♦♥❄ ❖✉r ❛♥❛❧②s✐s s✉❣❣❡sts t❤❛t ♣r✐✈❛❝② ❝❛♥ s♦❢t❡♥ t❤❡ ✐♥t❡♥s✐t② ♦❢
❝♦♠♣❡t✐t✐♦♥ ✇❤❡♥ ❝♦♥s✉♠❡rs ✭❛✮ ❛r❡ ❤❡t❡r♦❣❡♥❡♦✉s s♦ t❤❛t ✜r♠s ❝❛♥ ❡✛❡❝t✐✈❡❧② ❞✐✛❡r❡♥t✐❛t❡ ✐♥ t❤❡✐r
♣r✐✈❛❝② ♣♦❧✐❝✐❡s✱ ❛♥❞ ✭❜✮ t❤❡✐r ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ✐s ♥♦t ❡①❝❡❡❞✐♥❣❧② ❤✐❣❤ s♦ t❤❛t ✜r♠s ❞✐s❝❧♦s✐♥❣
t❤❡✐r ✐♥❢♦r♠❛t✐♦♥ ❝❛♥ ♦♣❡r❛t❡ ♣r♦✜t❛❜❧②✳ ❙❡❝♦♥❞✱ s❤♦✉❧❞ ✜r♠s ❡①♣❧♦✐t ❛❧❧ ❛✈❛✐❧❛❜❧❡ r❡✈❡♥✉❡ s♦✉r❝❡s✱
♣r✐❝❡s ❛♥❞ ❞✐s❝❧♦s✉r❡✱ ♦r ❢♦❝✉s ♦♥ ♦♥❡❄ ❋✐r♠s ✉♥❞❡r ❝♦♠♣❡t✐t✐✈❡ ♣r❡ss✉r❡ s❤♦✉❧❞ ❢♦❝✉s ♦♥ ❛ s✐♥❣❧❡
r❡✈❡♥✉❡ s♦✉r❝❡✳ ❋✐r♠s ♠❛② ❡①♣❧♦✐t ❞✐s❝❧♦s✉r❡ r❡✈❡♥✉❡s ❛♥❞ s✉❜s✐❞✐③❡ ❝♦♥s✉♠❡rs ✐♥ ♦r❞❡r t♦ ❛ttr❛❝t
t❤❡♠ t♦ t❤❡✐r s❡r✈✐❝❡✱ ♦r ❝❤♦♦s❡ ♥♦t t♦ ❡♥❣❛❣❡ ✐♥ ❞✐s❝❧♦s✉r❡ ❛♥❞ q✉♦t❡ ♣♦s✐t✐✈❡ ♣r✐❝❡s ✐♥st❡❛❞✳ ❚❤✐r❞✱
✇❤✐❝❤ str❛t❡❣② ✐s ♠♦r❡ ♣r♦✜t❛❜❧❡ ❛♥❞ ✇❤❛t ❞♦❡s ✐t ❞❡♣❡♥❞ ♦♥❄ ❲❤❡♥ ❝♦♥s✉♠❡rs✬ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛②
✐s ❧♦✇ r❡❧❛t✐✈❡ t♦ t❤❡ r❡✈❡♥✉❡s ❣❡♥❡r❛t❡❞ ❜② ❞✐s❝❧♦s✐♥❣ t❤❡✐r ✐♥❢♦r♠❛t✐♦♥✱ ✜r♠s ❢♦❝✉s❡❞ ♦♥ ❞✐s❝❧♦s✉r❡
✷✺
r❡✈❡♥✉❡s ✇✐❧❧ ♦✉t♣❡r❢♦r♠ t❤❡✐r ❝♦♠♣❡t✐t♦rs✳ ❆♥❞ ❝♦♥✈❡rs❡❧②✱ ✜r♠s ❢♦❝✉s❡❞ ♦♥ ♣r✐❝❡ r❡✈❡♥✉❡s ✇✐❧❧
♣❡r❢♦r♠ ❜❡tt❡r ✇❤❡♥ t❤❡ r❡❧❛t✐✈❡ ✇✐❧❧✐♥❣♥❡ss t♦ ♣❛② ♦❢ ❝♦♥s✉♠❡rs ✐s ❤✐❣❤✳ ■♥ ❜♦t❤ ❝❛s❡s✱ ✜r♠s
♠❛①✐♠✐③❡ ♣r♦✜ts ❛t t❤❡ ❡①t❡♥s✐✈❡ r❛t❤❡r t❤❛♥ t❤❡ ✐♥t❡♥s✐✈❡ ♠❛r❣✐♥✱ ♦✉t♣❡r❢♦r♠✐♥❣ ❝♦♠♣❡t✐t♦rs ❜②
❛ttr❛❝t✐♥❣ ❛ ❧❛r❣❡r ❝✉st♦♠❡r ❜❛s❡ t♦ t❤❡✐r s❡r✈✐❝❡✳
■♥ ❝♦♥❝❧✉❞✐♥❣ ♦✉r ❛♥❛❧②s✐s✱ ✐t ✐s ✐♠♣♦rt❛♥t t♦ str❡ss t❤❛t ✇❡ ♣r♦✈✐❞❡ ❛ ❜❡♥❝❤♠❛r❦ ❢♦r ✐♥❢♦r♠❡❞
❛♥❞ r❛t✐♦♥❛❧ ❝♦♥s✉♠❡rs✳ ❲❡ ❡①♣❡❝t ✐♥❝r❡❛s✐♥❣ ❝♦♥s✉♠❡r ❛✇❛r❡♥❡ss ♦❢ ❞✐s❝❧♦s✉r❡ ♣r❛❝t✐❝❡s ❛♥❞
❢❛♠✐❧✐❛r✐t② ✇✐t❤ ✐ts ✐♠♣❧✐❝❛t✐♦♥s t♦ r❡✐♥❢♦r❝❡ ✐ts r❡❧❡✈❛♥❝❡✳ ❘❡❝❡♥t s✉r✈❡②s ♦❢ ❝♦♥s✉♠❡r ❛tt✐t✉❞❡s
t♦✇❛r❞s ♣r✐✈❛❝② ✉♥❞❡rs❝♦r❡ t❤✐s tr❡♥❞✳ ❆❧❛♥ ❲❡st✐♥✱ ❛ ♣✐♦♥❡❡r✐♥❣ s❝❤♦❧❛r ✐♥ t❤❡ ✜❡❧❞ ♦❢ ♣r✐✈❛❝②✱
♥♦t❡❞ ✐♥ ✷✵✵✽ t❤❛t ✏♦✛❡r✐♥❣ ♦♥❧✐♥❡ ✉s❡rs ❢r❡❡ ❡♠❛✐❧ ♦r ❢r❡❡ s❡❛r❝❤❡s ❞✐❞ ♥♦t s❡❡♠ t♦ ❛ ♠❛❥♦r✐t② ♦❢ ♦✉r
r❡s♣♦♥❞❡♥ts t♦ ❜❡ ❛ s✉✣❝✐❡♥t s❡t ♦❢ ❜❡♥❡✜ts ♦r ✈❛❧✉❡❞ s❡r✈✐❝❡s t♦ ♦✈❡r❝♦♠❡ t❤❡ ✐♥st✐♥❝t✐✈❡ ❢❡❡❧✐♥❣ ♦❢
♥♦t ✇❛♥t✐♥❣ t♦ ❜❡ tr❛❝❦❡❞ ❛♥❞ ♠❛r❦❡t❡❞ t♦ ❜❛s❡❞ ♦♥ t❤❡✐r ♦♥❧✐♥❡ tr❛♥s❛❝t✐♦♥s ❛♥❞ s✉r❢s✳✑✶✺ ❲❡ ❛❧s♦
❡①♣❡❝t tr❛♥s♣❛r❡♥❝② t♦ ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t r♦❧❡ ✐♥ ✐♥❢♦r♠✐♥❣ ❝♦♥s✉♠❡r ❞❡❝✐s✐♦♥s ❛♥❞ ❞❡❧✐✈❡r✐♥❣ ❛
❝♦♠♣❡t✐t✐✈❡ s✉♣♣❧② ♦❢ s❡r✈✐❝❡s✳ ■♥✐t✐❛t✐✈❡s t♦ ♠❛❦❡ ❞✐s❝❧♦s✉r❡ ♣r❛❝t✐❝❡s s❛❧✐❡♥t ❛♥❞ ✉♥❞❡rst❛♥❞❛❜❧❡
❢♦r ❝♦♥s✉♠❡rs ❛r❡ ❝❧❡❛r❧② ❞❡s✐r❛❜❧❡ ❢r♦♠ ❛ ♣♦❧✐❝② ♣❡rs♣❡❝t✐✈❡✳ ❇✉t ♦✉r r❡s✉❧ts r❡❝♦♠♠❡♥❞ ❝❛✉t✐♦♥
♦♥ r❡str✐❝t✐♥❣ ❞✐s❝❧♦s✉r❡ ♣r❛❝t✐❝❡s✳ ❲❡ ❤❛✈❡ s❤♦✇♥ t❤❛t ❤✐❣❤✲❞✐s❝❧♦s✉r❡ s❡r✈✐❝❡s ♣❧❛② ❛♥ ✐♠♣♦rt❛♥t
r♦❧❡ ✐♥ ❛ ❝♦♠♣❡t✐t✐✈❡ ♠❛r❦❡t♣❧❛❝❡ ❛♥❞ ✐♥❢♦r♠❡❞ ❝♦♥s✉♠❡rs ❛❞❥✉st t❤❡✐r ❝❤♦✐❝❡s ❛❝❝♦r❞✐♥❣❧②✳
❋✐♥❛❧❧②✱ ♦✉r ❢r❛♠❡✇♦r❦ ❛❧s♦ ♣r♦✈✐❞❡s ❛ ❝♦♥t❡①t t♦ ✉♥❞❡rst❛♥❞ ✐♥♥♦✈❛t✐♦♥ ✐♥ t❤❡ ♣r♦✈✐s✐♦♥ ♦❢
✐♥❢♦r♠❛t✐♦♥✲✐♥t❡♥s✐✈❡ s❡r✈✐❝❡s✳ ❙♦❝✐❛❧ ♥❡t✇♦r❦✐♥❣✱ ❢♦r ✐♥st❛♥❝❡✱ ❝❛♥ ❜❡ ✉♥❞❡rst♦♦❞ ❛s ❛ s❡r✈✐❝❡
✐♥♥♦✈❛t✐♦♥ t❤❛t ❣❡♥❡r❛t❡s ✉t✐❧✐t② ❢♦r ✉s❡rs ✇✐❧❧✐♥❣ t♦ ♣♦st ✐♥❢♦r♠❛t✐♦♥ t❤❛t ✇♦✉❧❞ ♦t❤❡r✇✐s❡ r❡✲
♠❛✐♥ ♣r✐✈❛t❡✳ ■♥ t❤❡ ♠♦❜✐❧❡ ❛♣♣ ❡❝♦s②st❡♠✱ ♥❡✇ s❡r✈✐❝❡s ❛r❡ ✢♦✉r✐s❤✐♥❣ t❤❛t ❤❡❧♣ ❝♦♥s✉♠❡rs st♦r❡
❛♥❞ ♣r♦❝❡ss s♥✐♣♣❡ts ♦❢ t❤❡✐r ♣❡rs♦♥❛❧ ✐♥❢♦r♠❛t✐♦♥✳ ❋✐r♠s s✉♣♣❧②✐♥❣ t❤❡s❡ ✐♥♥♦✈❛t✐✈❡ s❡r✈✐❝❡s ❛r❡
❛❝❝✉♠✉❧❛t✐♥❣ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥✱ ❛♥❞ s✉❝❤ ✐♥❢♦r♠❛t✐♦♥ st♦❝❦s ❣❡♥❡r❛t❡ ♥❡✇ ❞✐s❝❧♦s✉r❡ ♦♣♣♦r✲
t✉♥✐t✐❡s✳ ❈♦♥s✉♠❡r ❞❛t❛ ❜r♦❦❡rs ❛r❡ ❛❣❣r❡❣❛t✐♥❣ ✐♥❢♦r♠❛t✐♦♥ ❢r♦♠ ✐♥❝r❡❛s✐♥❣❧② ❞✐✈❡rs❡ s♦✉r❝❡s✱
❡♥❛❜❧✐♥❣ t❤❡s❡ s❡r✈✐❝❡s t♦ ♠♦♥❡t✐③❡ ❝♦♥s✉♠❡r ✐♥❢♦r♠❛t✐♦♥ s♥✐♣♣❡ts ❜② ❝♦♥tr✐❜✉t✐♥❣ t♦ ❜r♦❛❞❡r
♣r♦✜❧✐♥❣✳ ❆♥❞ ♥❡✇ ✐♥st❛♥❝❡s ♦❢ s✉❝❤ s❡r✈✐❝❡s ✇✐❧❧ ❝♦♥t✐♥✉❡ t♦ ❡♠❡r❣❡ ✇✐t❤ ❢✉t✉r❡ ❛❞✈❛♥❝❡s ✐♥
✐♥❢♦r♠❛t✐♦♥ t❡❝❤♥♦❧♦❣✐❡s✳ ❚❤❡s❡ ✉♥❞❡r❧②✐♥❣ t❡❝❤♥♦❧♦❣② ❞r✐✈❡rs s✉❣❣❡st t❤❛t ❝♦♥s✉♠❡r ♣r✐✈❛❝② ✇✐❧❧
❝♦♥t✐♥✉❡ t♦ s❤❛♣❡ ❝♦♠♣❡t✐t✐♦♥ ❢♦r t❤❡ ❢♦r❡s❡❡❛❜❧❡ ❢✉t✉r❡✳
✶✺❙❡❡ ❆❧❛♥ ❲❡st✐♥✬s r❡♣♦rt ❵❍♦✇ ♦♥❧✐♥❡ ✉s❡rs ❢❡❡❧ ❛❜♦✉t ❜❡❤❛✈✐♦r❛❧ ♠❛r❦❡t✐♥❣ ❛♥❞ ❤♦✇ ❛❞♦♣t✐♦♥ ♦❢ ♣r✐✈❛❝② ❛♥❞
s❡❝✉r✐t② ♣♦❧✐❝✐❡s ❝♦✉❧❞ ❛✛❡❝t t❤❡✐r ❢❡❡❧✐♥❣s✱✬ Pr✐✈❛❝② ❈♦♥s✉❧t✐♥❣ ●r♦✉♣✱ ▼❛r❝❤ ✷✵✵✽✳
✷✻
❆♣♣❡♥❞✐① ❆
Pr♦♦❢ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷✳ ❲❡ s♦❧✈❡ t❤❡ ❣❛♠❡ ❜② ❜❛❝❦✇❛r❞s ✐♥❞✉❝t✐♦♥✳ ❆s ❞✐s❝✉ss❡❞ ✐♥ ❙❡❝t✐♦♥ ✹✱
t❤❡ ❡q✉✐❧✐❜r✐✉♠ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ♦❢ ❝♦♥s✉♠❡rs ♣❛tr♦♥✐③✐♥❣ ✜r♠ j ∈ {l, h} ✐♥ t❤❡ ❢♦✉rt❤ st❛❣❡
✐s ❣✐✈❡♥ ❜② yj =
1−dj
2
✳ ❚♦ ❝❤❛r❛❝t❡r✐③❡ ❝♦♥s✉♠❡r ♣✉r❝❤❛s❡s ✐♥ t❤❡ t❤✐r❞ st❛❣❡ ✇❤❡♥ dl < dh ❛♥❞
ph < pl✱ ❧❡t vp (pl, ph, dl, dh) =
4(pl−ph)
(dh−dl)(2−dh−dl)
❜❡ t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥
♣✉r❝❤❛s✐♥❣ ❢r♦♠ ✜r♠ l ❛♥❞ ✜r♠ h✳ ❈♦♥s✉♠❡rs ✇✐t❤ vi ∈ [V
−, vf ) st❛② ♦✉t ♦❢ t❤❡ ♠❛r❦❡t✱ ✇❤❡r❡
vf =
4ph
(1−dh)
2 ✐s t❤❡ ✈❛❧✉❛t✐♦♥ ♦❢ t❤❡ ❝♦♥s✉♠❡r ✐♥❞✐✛❡r❡♥t ❜❡t✇❡❡♥ s✐❣♥✐♥❣ ✉♣ ❛♥❞ st❛②✐♥❣ ♦✉t ♦❢
t❤❡ ♠❛r❦❡t✳ ❈♦♥s✉♠❡rs ✇✐t❤ vi ∈ [vf , vp) s✐❣♥ ✉♣ ✇✐t❤ ✜r♠ h ❛♥❞ ❝♦♥s✉♠❡rs ✇✐t❤ vi ∈ [vp, V
+]
s✐❣♥ ✉♣ ✇✐t❤ ✜r♠ l✳ ◆♦t❡ t❤❛t ❛ ❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥ r❡q✉✐r❡s vf ≤ V
−✳ ❲❡ ♣r♦❝❡❡❞
t♦ ❝❤❛r❛❝t❡r✐③❡ ❡q✉✐❧✐❜r✐✉♠ ♣r✐❝❡s ❛♥❞ ❞✐s❝❧♦s✉r❡s ❛ss✉♠✐♥❣ t❤❡ ♠❛r❦❡t ✐s ❝♦✈❡r❡❞ ❛♥❞ ❧❛t❡r ✈❡r✐❢②
t❤❛t t❤❡ s♦❧✉t✐♦♥ ✐♥❞❡❡❞ s❛t✐s✜❡s vf ≤ V
−✳
❚♦ s♦❧✈❡ ❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ ❝❤♦✐❝❡s ♦❢ ❜♦t❤ ✜r♠s✱ ♥♦t❡ t❤❛t ♣r♦✜t ❢✉♥❝t✐♦♥s ✐♥ ❛ ❝♦✈❡r❡❞ ♠❛r❦❡t
❛r❡ ❛s ❢♦❧❧♦✇s✿ pil(pl, ph, dl, dh) =
V +−vp
V +−V −
(pl + dl yl) ❛♥❞ pih(pl, ph, dl, dh) =
vp−V
−
V +−V −
(ph + dh yh)✳ ❚♦
s♦❧✈❡ ❢♦r ♣r✐❝❡s ✐♥ t❤❡ s❡❝♦♥❞ st❛❣❡✱ ✇❡ ❝❛♥ ❡❛s✐❧② ❞❡r✐✈❡ t❤❡ ♣r✐❝❡ ❜❡st✲r❡s♣♦♥s❡ ❢✉♥❝t✐♦♥s ❛♥❞ s♦❧✈❡
❢♦r t❤❡ ❡q✉✐❧✐❜r✐✉♠ t♦ ♦❜t❛✐♥✿
pl (dl, dh) =
(
d2h(2 + V
− − 2V +)− 2dh(1 + V
− − 2V +) + dl
(
dl(4− V
− + 2V +)− 4 + 2V − − 4V +
))
/12
ph (dl, dh) =
(
d2l (2− 2V
− + V +) + dl(−2 + 4V
− − 2V +) + dh
(
dh(4 + 2V
− − V +)− 4− 4V − + 2V +
))
/12.
■t ✐s ✐♠♠❡❞✐❛t❡ t♦ ✈❡r✐❢② t❤❛t t❤❡ s❡❝♦♥❞✲♦r❞❡r ❝♦♥❞✐t✐♦♥s ❛r❡ s❛t✐s✜❡❞ ❛t t❤❡s❡ ♣r✐❝❡s✳
■♥ t❤❡ ✜rst st❛❣❡✱ ✜r♠s ❝❤♦♦s❡ ❞✐s❝❧♦s✉r❡ ❧❡✈❡❧s dl ❛♥❞ dh✳ ❲❡ s✉❜st✐t✉t❡ pl (dl, dh) ❛♥❞ ph (dl, dh)
✐♥ pil(pl, ph, dl, dh) ❛♥❞ pih(pl, ph, dl, dh) t♦ ♦❜t❛✐♥ ♣r♦✜ts ❛s ❢✉♥❝t✐♦♥s ♦❢ dl ❛♥❞ dh ❛❧♦♥❡✳ ❙♦❧✈✐♥❣
∂pij(dj, d−j)/∂dj = 0 ❢♦r ❡❛❝❤ ✜r♠ ✐❞❡♥t✐✜❡s t❤r❡❡ ❝❛♥❞✐❞❛t❡ ❜❡st✲r❡s♣♦♥s❡s ♣❡r ✜r♠✳ ❉❡♥♦t❡ t❤❡
❝❛♥❞✐❞❛t❡ ❜❡st✲r❡s♣♦♥s❡s ♦❢ ✜r♠ j ❜② dˆkj ❛♥❞ ❧❡t s✉♣❡rs❝r✐♣t k ∈ {a, b, c} ✐❞❡♥t✐❢② ❡❛❝❤ ♦❢ t❤❡ t❤r❡❡
s♦❧✉t✐♦♥s✱ t❤❡♥
dˆal =2− dh −
2
V − − 2V + + 2
dˆbl =
3− dh
2
+
√
(2V + − V − − 2) (1− dh) (2 ((1− V +)dh + V + − 5)− V − (1− dh))
4V + − 2V − − 4
dˆcl =
3− dh
2
−
√
(2V + − V − − 2) (1− dh) (2 ((1− V +)dh + V + − 5)− V − (1− dh))
4V + − 2V − − 4
dˆah =2− dl −
2
V + − 2V − + 2
dˆbh =
3− dl
2
+
√
(V + − 2V − + 2) (1− dl) (V + − 2V − (1− dl)− (2 + V +)dl + 10)
2V + − 4V − + 4
dˆch =
3− dl
2
−
√
(V + − 2V − + 2) (1− dl) (V + − 2v (1− dl)− (2 + V +)dl + 10)
2V + − 4V − + 4
.
❚♦ ✐❞❡♥t✐❢② ✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡s✱ ♥♦t❡ t❤❛t dˆkl ✐s ♦♥❧② ❛ ❜❡st✲r❡s♣♦♥s❡ ❢♦r ✜r♠ l ✇❤❡♥ ✐t s❛t✐s✜❡s
✷✼
t❤❡ s❡❝♦♥❞✲♦r❞❡r ❝♦♥❞✐t✐♦♥ ∂2pil(dˆ
k
l , dh)/∂d
2
l < 0✱ ❣✐✈❡♥ t❤❡ ❞✐s❝❧♦s✉r❡ ♦r❞❡r✐♥❣ dˆ
k
l ≤ dh t❛❦✐♥❣ dh
❛s ❡①♦❣❡♥♦✉s✳ ❚❤✐s ✐❞❡♥t✐✜❡s ❛ ♣❛r❛♠❡t❡r s♣❛❝❡ ♦✈❡r V −✱ V +✱ ❛♥❞ dh ❢♦r ❡❛❝❤ ✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡
♦❢ ✜r♠ l✱ ❛♥❞ ❛❧❧♦✇s ✉s t♦ ❞✐s❝❛r❞ dˆcl ✇❤✐❝❤ ✐s ♥❡✈❡r ❛ ✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡✳ ❚❤❡ s❛♠❡ ♣r♦❝❡ss ❝❛♥
❜❡ r❡♣❡❛t❡❞ t♦ ✐❞❡♥t✐❢② t❤❡ ✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡s ♦❢ ✜r♠ h✱ ✇❤❡r❡ t❤❡ ❞✐s❝❧♦s✉r❡ ♦r❞❡r✐♥❣ ✐s ❣✐✈❡♥
❜② dl ≤ dˆ
k
h t❛❦✐♥❣ dl ❛s ❡①♦❣❡♥♦✉s✳ ❚❤✐s ❛❧❧♦✇s ✉s t♦ ❞✐s❝❛r❞ dˆ
a
h✳ ❚❤❡ ✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡s ♦❢ ❜♦t❤
✜r♠s ❛r❡ ❣✐✈❡♥ ❜②
dˆal ✐s ❛ ✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡ ✇❤❡♥ V
− < 2V + − 2 ❛♥❞ 1+V
−
−2V +
2+V −−2V +
< dh
dˆbl ✐s ❛ ✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡ ✇❤❡♥ V
− > 2V + − 2❛♥❞ (1+V
−
−2V +
2+V −−2V +
< dh < 1 ♦r dh >
10+V −−2V +
2+V −−2V +
)
dˆbh ✐s ❛ ✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡ ✇❤❡♥ dl < 1
dˆch ✐s ❛ ✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡ ✇❤❡♥ dl <
1−2V −+V +
2−2V −+V +
.
❲❡ ♥❡①t ✐❞❡♥t✐❢② ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐❛ ❜② s♦❧✈✐♥❣ ❢♦r dl ❛♥❞ dh ❜❛s❡❞ ♦♥ ❡❛❝❤ ❝♦♠❜✐♥❛t✐♦♥ ♦❢
✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡s ❢♦r ✜r♠ l ❛♥❞ ✜r♠ h✱ ❛♥❞ ❡✈❛❧✉❛t❡ ✇❤❡t❤❡r t❤❡ s♦❧✉t✐♦♥ ✐s ❝♦♥t❛✐♥❡❞ ✐♥ t❤❡
♣❛r❛♠❡t❡r s♣❛❝❡ ✇❤❡r❡ ❜♦t❤ ❜❡st✲r❡s♣♦♥s❡s ❤♦❧❞✳ ■t ❝❛♥ ❜❡ r❡❛❞✐❧② ✈❡r✐✜❡❞ t❤❛t t❤❡ s✐♥❣❧❡ ❝❛♥❞✐❞❛t❡
❡q✉✐❧✐❜r✐✉♠ ✐♥ t❤❡ ❣❛♠❡ ✐s ❣✐✈❡♥ ❜② dˆbl ❛♥❞ dˆ
c
h✳ ❆❧s♦ ♥♦t❡ t❤❛t ∂dˆ
b
l/∂dh > 0 ❛♥❞ ∂dˆ
c
h/∂dl > 0✱ s♦
✜r♠ ❞✐s❝❧♦s✉r❡s ❛r❡ str❛t❡❣✐❝ ❝♦♠♣❧❡♠❡♥ts✳ ❋✐r♠ ❞✐s❝❧♦s✉r❡s ✐♥ t❤❡ ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐✉♠ ❛r❡
❝❤❛r❛❝t❡r✐③❡❞ ❜②
dbcl =1 +
2
3
(
1
V + − V −
−
√
V + − 2V − + 2
(2 + V − − 2V +)(V + − V −)2
)
dbch =1−
2
3
(
1
V + − V −
−
√
2V + − V − − 2
(2V − − 2− V +)(V + − V −)2
)
✇✐t❤✐♥ t❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡
V − > 2V + − 2.
❋♦r t❤❡ ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐✉♠ t♦ ❤♦❧❞✱ ✜r♠ ❞✐s❝❧♦s✉r❡s ♠✉st ❜❡ ❝♦♥t❛✐♥❡❞ ✇✐t❤✐♥ t❤❡ ✈❛❧✐❞
❞✐s❝❧♦s✉r❡ r❛♥❣❡✱ dj ∈ [0, 1]✳ ❈♦r♥❡r s♦❧✉t✐♦♥s ♥❡❡❞ t♦ ❜❡ ❝♦♥s✐❞❡r❡❞ ✇❤❡♥ ✈❛❧✐❞ ❜❡st✲r❡s♣♦♥s❡s
❢❛❧❧ ♦✉ts✐❞❡ t❤❡ ✈❛❧✐❞ ❞✐s❝❧♦s✉r❡ r❛♥❣❡✳ ■♥s♣❡❝t✐♦♥ ♦❢ dbcl ❛♥❞ d
bc
h r❡✈❡❛❧s t❤❛t ✜r♠ ❞✐s❝❧♦s✉r❡s ✐♥
t❤❡ ❝❛♥❞✐❞❛t❡ ❡q✉✐❧✐❜r✐✉♠ ❝❛♥ ❛❞♦♣t ♥❡❣❛t✐✈❡ ✈❛❧✉❡s✳ ❚❤❡ ♣❛r❛♠❡t❡r s♣❛❝❡ ❢♦r ✐♥t❡r✐♦r ❛♥❞ ❝♦r♥❡r
s♦❧✉t✐♦♥s ❝❛♥ ❜❡ ✐❞❡♥t✐✜❡❞ ❜② ❞❡t❡r♠✐♥✐♥❣ t❤❡ r❛♥❣❡ ✇❤❡r❡ ✜r♠ l✬s ❜❡st✲r❡s♣♦♥s❡ ❜✐♥❞s dbcl ≤ 0
❛♥❞ ❡✈❛❧✉❛t✐♥❣ ✇❤❡t❤❡r t❤❡ ❜❡st✲r❡s♣♦♥s❡ ♦❢ ✜r♠ h ❣✐✈❡♥ ❜② dˆch(dl = 0) ❛❧s♦ ❜✐♥❞s ♦r ♥♦t✳ ❚❤✐s
✐❞❡♥t✐✜❡s t❤❡ ❢♦❧❧♦✇✐♥❣ r❡❣✐♦♥s ✇✐t❤✐♥ t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡✱
0 < dbcl < d
bc
h < 1 ✇❤❡♥ V
− > V ∗ ❛♥❞ V + < 1
dbcl = 0 < d
bc
h < 1 ✇❤❡♥ (V
− ≤ V ∗ ❛♥❞ V + < 1) ♦r (V − < V ∗∗ ❛♥❞ V + ≥ 1)
dbcl = d
bc
h = 0 ✇❤❡♥ V
− ≥ V ∗∗ ❛♥❞ V + > 1
✷✽
✇❤❡r❡
V ∗ =
1
6
(
9V + − 2−
√
52− 60V + + 9(V +)2
)
V ∗∗ =
1 + V +
2
.
❚❤❡ ✐♥t❡r✐♦r ❛♥❞ ❝♦r♥❡r s♦❧✉t✐♦♥s ✐❞❡♥t✐✜❡❞ ❛❜♦✈❡ ♠✉st ②✐❡❧❞ ❛ ❝♦✈❡r❡❞ ♠❛r❦❡t ✐♥ ♦r❞❡r t♦
❝♦♥st✐t✉t❡ ❛♥ ❡q✉✐❧✐❜r✐✉♠✳ ■♥s♣❡❝t✐♦♥ ♦❢ t❤❡ ✐♥❞✐✛❡r❡♥t ❝♦♥s✉♠❡r vf (ph, dh) ❛❝r♦ss t❤❡ ✐♥t❡r✐♦r ❛♥❞
❝♦r♥❡r s♦❧✉t✐♦♥s r❡✈❡❛❧s t❤❛t vf ≤ V
− ✐s ❛❧✇❛②s t❤❡ ❝❛s❡✱ s♦ t❤❡ ♠❛r❦❡t ✐s ❡✛❡❝t✐✈❡❧② ❝♦✈❡r❡❞✳
❆♣♣❡♥❞✐① ❇
❚❤✐s ❛♣♣❡♥❞✐① ❡①❛♠✐♥❡s ✇❤❡t❤❡r t❤❡ s♦❧✉t✐♦♥ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷ ❝♦♥st✐t✉t❡s ❛♥ ❡q✉✐✲
❧✐❜r✐✉♠ ♦❢ t❤❡ ❣❛♠❡ ✐♥ ✇❤✐❝❤ ✜r♠s ♠❛② ❝❤♦♦s❡ ♥♦t t♦ ❝♦✈❡r t❤❡ ♠❛r❦❡t✳ ❲❡ ♣r♦❝❡❡❞ ❜② ❡✈❛❧✉❛t✐♥❣
✉♥✐❧❛t❡r❛❧ ❞❡✈✐❛t✐♦♥s t♦ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥s ❜② ❡❛❝❤ ✜r♠✱ ❛♥❞ s❤♦✇ t❤❛t s✉❝❤ ❞❡✈✐❛✲
t✐♦♥s ♦♥❧② ♣❛② ♦✛ ❢♦r ✜r♠ h ✐♥ ❛ s♠❛❧❧ r❡❣✐♦♥ ♦❢ t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡✳ ❚❤✐s r❡❣✐♦♥ ✐s ❞❡♣✐❝t❡❞ ✐♥ t❤❡
r✐❣❤t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✷✳
❆ ✉♥✐❧❛t❡r❛❧ ❞❡✈✐❛t✐♦♥ ❜② ✜r♠ j t♦ ❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥ ❝♦♥s✐sts ♦❢ ❛ ❞✐s❝❧♦s✉r❡✲
♣r✐❝❡ ♣❛✐r duj ❛♥❞ p
u
j ✇❤✐❝❤ s❛t✐s✜❡s vf > V
− ✭❡♥s✉r❡s t❤❛t ❧♦✇✲✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ♣r❡❢❡r ♥♦t
t♦ ♣✉r❝❤❛s❡✮ t❛❦✐♥❣ t❤❡ ♦t❤❡r ✜r♠✬s str❛t❡❣② ❛s ✜①❡❞ ❛♥❞ ❣✐✈❡♥ ❜② d−j ❛♥❞ p−j ❝❤❛r❛❝t❡r✐③❡❞ ✐♥
Pr♦♣♦s✐t✐♦♥ ✷✳ ❘❡❝❛❧❧ t❤❛t ❝♦♥s✉♠❡rs ✇✐t❤ ❤✐❣❤❡r ✈❛❧✉❛t✐♦♥ vi ≥ vf ❛❧✇❛②s ♣r❡❢❡r t♦ ♣❛rt✐❝✐♣❛t❡
✐♥ t❤❡ ♠❛r❦❡t ❣✐✈❡♥ t❤❛t ∂ui,j/∂vi > 0✱ s♦ ❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥ ✐♠♣❧✐❡s t❤❛t ❧♦✇
✈❛❧✉❛t✐♦♥ ❝♦♥s✉♠❡rs ❝❤♦♦s❡ ♥♦t t♦ ♣❛rt✐❝✐♣❛t❡✳ ❲❡ ❝♦♥s✐❞❡r ✉♥✐❧❛t❡r❛❧ ❞❡✈✐❛t✐♦♥s ❜② ✜r♠s ✐♥ t❤❡
✜rst ❛♥❞ s❡❝♦♥❞ st❛❣❡s ♦❢ t❤❡ ❣❛♠❡ t❤❛t s❛t✐s❢② dl ≤ dh ❛♥❞ pl ≥ ph✱ ❛♥❞ ❡✈❛❧✉❛t❡ t❤❡✐r ✐♠♣❛❝t ♦♥
❝♦♥s✉♠❡r ❞❡♠❛♥❞ ❛♥❞ ✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ yuj ✐♥ t❤❡ t❤✐r❞ ❛♥❞ ❢♦✉rt❤ st❛❣❡s✳
❲❡ ♥❡❡❞ ♦♥❧② ❝♦♥s✐❞❡r ❞❡✈✐❛t✐♦♥s ❜② ✜r♠ h✳ ◆♦t❡ t❤❛t ❞❡✈✐❛t✐♦♥s ❜② ✜r♠ l ❝❛♥♥♦t ②✐❡❧❞ ❛♥
✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❣✐✈❡♥ t❤❛t ✜r♠ h✬s ❡q✉✐❧✐❜r✐✉♠ str❛t❡❣② ✐♥ Pr♦♣♦s✐t✐♦♥ ✷ ❡♥s✉r❡s t❤❛t vf ≤ V
−✱
s♦ ♥♦ ✉♥✐❧❛t❡r❛❧ ❞❡✈✐❛t✐♦♥ ❜② ✜r♠ l ❝❛♥ ②✐❡❧❞ ❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t✳ ❆ ✉♥✐❧❛t❡r❛❧ ❞❡✈✐❛t✐♦♥ ❜②
✜r♠ h t❤❛t ②✐❡❧❞s ❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❝❛♥ r❡s✉❧t ✐♥ t❤r❡❡ ❞✐✛❡r❡♥t ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥s✳ ■❢
V − < vf < vp < V
+ ❛❢t❡r t❤❡ ❞❡✈✐❛t✐♦♥✱ ❜♦t❤ ✜r♠s ❝♦♥t✐♥✉❡ t♦ ❞❡r✐✈❡ ♣♦s✐t✐✈❡ ❞❡♠❛♥❞✳ ■❢
V − < vf < V
+ ≤ vp✱ ✜r♠ h t❛❦❡s ♦✈❡r t❤❡ ♠❛r❦❡t ❛♥❞ s❡r✈❡s ❛❧❧ ♣❛rt✐❝✐♣❛t✐♥❣ ❝♦♥s✉♠❡rs✳ ■❢
vf ≥ vp✱ ✜r♠ h ❞❡r✐✈❡s ♥♦ ❞❡♠❛♥❞ ❛❢t❡r t❤❡ ❞❡✈✐❛t✐♦♥✳ ❲❡ ❝❛♥ ❞✐s♠✐ss t❤❡ ❧❛st ❝❛s❡ ❜❡❝❛✉s❡ s✉❝❤
❛ ❞❡✈✐❛t✐♦♥ ✇✐❧❧ ♥❡✈❡r ♣❛②♦✛ ❢♦r ✜r♠ h.
❈♦♥s✐❞❡r ✜rst t❤❡ ❝❛s❡ ♦❢ ❞❡✈✐❛t✐♦♥s ✇❤❡r❡ ❜♦t❤ ✜r♠s ❞❡r✐✈❡ ♣♦s✐t✐✈❡ ❞❡♠❛♥❞✳ ❚❤❡ ❞❡✈✐❛t✐♦♥
♣r♦✜ts ♦❢ ✜r♠ h✱ t♦ ❜❡ ❞❡♥♦t❡❞ ❜② piuh✱ ❝❛♥ t❤❡♥ ❜❡ ✇r✐tt❡♥ ❛s
piuh(pl, p
u
h, dl, d
u
h) =
vp − vf
V + − V −
(puh + d
u
h y
u
h)
✇❤❡r❡ t❤❡ ♣✐✈♦t ❝♦♥s✉♠❡r vp ✐s ❣✐✈❡♥ ❜② ✭✽✮✱ t❤❡ ✐♥❞✐✛❡r❡♥t ❝♦♥s✉♠❡r vf ❜② ✭✸✮✱ ❛♥❞ ❝♦♥s✉♠❡r
✐♥❢♦r♠❛t✐♦♥ ♣r♦✈✐s✐♦♥ ❢♦r t❤❡ ❞❡✈✐❛t✐♥❣ ✜r♠ yuh ❜② ✭✷✮✱ ❛❝❝♦✉♥t✐♥❣ ❢♦r ✜r♠ h✬s ❞❡✈✐❛t✐♦♥ ❞✐s❝❧♦s✉r❡
✷✾
duh ❛♥❞ ♣r✐❝❡ p
u
h✳ ■♥ ♦r❞❡r t♦ ✐❞❡♥t✐❢② t❤❡ ♠♦st ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥ ✇❡ ♥❡①t s♦❧✈❡ ❢♦r t❤❡ ♦♣t✐♠❛❧
❞❡✈✐❛t✐♦♥ ♣r✐❝❡ ♦❢ ✜r♠ h✱
puh =
(1− duh)(2(1− dh)pl − dh(1− dl)
2)
4 (1− dl) 2
. ✭✶✵✮
❲❡ ♥❡①t ❛r❣✉❡ t❤❛t ✐t ✐s ♦♣t✐♠❛❧ ❢♦r ✜r♠ h t♦ t❛❦❡ ♦✈❡r t❤❡ ♠❛r❦❡t ❛♥❞ s❡r✈❡ ❛❧❧ ♣❛rt✐❝✐♣❛t✐♥❣
❝♦♥s✉♠❡rs ✇❤❡♥ ❞❡✈✐❛t✐♥❣ t♦ ❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥✳ P❧✉❣❣✐♥❣ dl ❛♥❞ pl ❢r♦♠ Pr♦♣♦✲
s✐t✐♦♥ ✷ ❛♥❞ ♦♣t✐♠❛❧ ❞❡✈✐❛t✐♦♥ ♣r✐❝❡ puh ✐♥ ✭✶✵✮ ✐♥t♦ t❤❡ ♣✐✈♦t ❝♦♥s✉♠❡r vp ✐♥ ✭✽✮ ❛s ✇❡❧❧ ❛s t❤❡
✐♥❞✐✛❡r❡♥t ❝♦♥s✉♠❡r vf ✐♥ ✭✸✮✱ ✐t ❝❛♥ ❜❡ s❤♦✇♥ t❤❛t vp(pl, p
u
h, dl, d
u
h) − vf (p
u
h, d
u
h) > V
+ − V − ❢♦r
❛❧❧ duh ∈ [dl, 1] ❛❝r♦ss t❤❡ s♦❧✉t✐♦♥ s♣❛❝❡ ❝❤❛r❛❝t❡r✐③❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳ ❚❤✐s ✐♠♣❧✐❡s t❤❛t ✐t ✐s
❛❧✇❛②s ♦♣t✐♠❛❧ ❢♦r ✜r♠ h t♦ t❛❦❡ ♦✈❡r t❤❡ ♠❛r❦❡t ✇❤❡♥ ❞❡✈✐❛t✐♥❣✱ ❜❡❝❛✉s❡ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝❡ ✐♥
❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥ ✇❤❡r❡ vf > V
− ❡♥s✉r❡s t❤❛t vp > V
+ s♦ t❤❛t ❛❧❧ ♣❛rt✐❝✐♣❛t✐♥❣
❝♦♥s✉♠❡rs ♣✉r❝❤❛s❡ ❢r♦♠ ✜r♠ h✳
❚❤❡ ❞❡✈✐❛t✐♦♥ ♣r♦✜ts ♦❢ ✜r♠ h ✐♥ ❛♥ ✉♥❝♦✈❡r❡❞ t❛❦❡♦✈❡r ❝♦♥✜❣✉r❛t✐♦♥ ✭✇❤❡r❡ ✐t t❛❦❡s ♦✈❡r t❤❡
♠❛r❦❡t✮ ❛r❡ ❣✐✈❡♥ ❜②
piu,th (pl, p
u
h, dl, d
u
h) =
V + − vf
V + − V −
(puh + d
u
hy
u
h).
❚❤❡ ♦♣t✐♠❛❧ ❞❡✈✐❛t✐♦♥ ♣r✐❝❡ ♦❢ ✜r♠ h ✐s t❤❡♥ t❤❡ ❤✐❣❤❡st ♣r✐❝❡ t❤❛t ❡♥s✉r❡s t❤❛t ❛❧❧ ♣❛rt✐❝✐♣❛t✐♥❣
❝♦♥s✉♠❡rs s✐❣♥ ✉♣ t♦ ✐ts s❡r✈✐❝❡✳ ❚❤❡ ♣✐✈♦t ❝♦♥s✉♠❡r ♠✉st t❤❡♥ ❜❡ ❣✐✈❡♥ ❜② vp = V
+✳ ❉❡♥♦t❡
t❤✐s ❞❡✈✐❛t✐♦♥ ♣r✐❝❡ ❜② pu,th ✳ ❊q✉❛t✐♥❣ ui,l(pl, dl) = ui,h(p
u,t
h , d
u
h) ❢♦r ❝♦♥s✉♠❡r vi = V
+ ❛♥❞ s♦❧✈✐♥❣
❢♦r pu,th ②✐❡❧❞s
pu,th =
1
4
(4pl − V
+(duh − dl)(2− d
u
h − dl). ✭✶✶✮
❈❧♦s❡❞✲❢♦r♠ s♦❧✉t✐♦♥s ❢♦r ♦♣t✐♠❛❧ ❞❡✈✐❛t✐♦♥ ❞✐s❝❧♦s✉r❡ duh ❝❛♥♥♦t ❜❡ ❞❡r✐✈❡❞✱ ✉♥❢♦rt✉♥❛t❡❧②✳
❲❡ ♣r♦❝❡❡❞ ❜② ❞❡t❡r♠✐♥✐♥❣ t❤❡ ❞✐s❝❧♦s✉r❡ r❛♥❣❡ ❢♦r duh t♦ ②✐❡❧❞ ❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❣✐✈❡♥ ♦♣✲
t✐♠❛❧ ❞❡✈✐❛t✐♦♥ ♣r✐❝❡ pu,th ✳ ❉❡♥♦t❡ t❤❡ ✉♣♣❡r ❜♦✉♥❞❛r② ♦❢ t❤✐s ❞✐s❝❧♦s✉r❡ r❛♥❣❡ ❜② d
u
h✳ ❙♦❧✈✐♥❣
❢♦r vf (p
u,t
h , d
u
h) = V
− ♦❜t❛✐♥s t✇♦ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥s✳ ■t ❝❛♥ ❜❡ s❤♦✇♥ ❜② ♣❧✉❣❣✐♥❣ dl ❛♥❞ pl
❢r♦♠ Pr♦♣♦s✐t✐♦♥ ✷ ✭❢♦r t❤❡ ✐♥t❡r✐♦r ❛♥❞ ❝♦r♥❡r ❝❛s❡s✮ ✐♥t♦ ❜♦t❤ ❝❛♥❞✐❞❛t❡ s♦❧✉t✐♦♥s t❤❛t ♦♥❧② t❤❡
❢♦❧❧♦✇✐♥❣ ♦♥❡ ✐s ✇❡❧❧ ❞❡✜♥❡❞ ✇✐t❤✐♥ t❤❡ ❢❡❛s✐❜❧❡ ❞✐s❝❧♦s✉r❡ r❛♥❣❡ dh ∈ [0, 1]✱
d
u
h =
V + − V − +
√
(V + − V −) (V + (1− dl) 2 − 4pl)
V + − V −
. ✭✶✷✮
❲❡ ❤❛✈❡ ❡st❛❜❧✐s❤❡❞ t❤❛t ❛ ✉♥✐❧❛t❡r❛❧ ❞❡✈✐❛t✐♦♥ ❜② ✜r♠ h t♦ ❛♥ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❝♦♥✜❣✉r❛t✐♦♥
❝❛♥ ♦♥❧② ❜❡ ♣r♦✜t❛❜❧❡ ✐♥ t❤❡ ❞✐s❝❧♦s✉r❡ r❛♥❣❡ duh < d
u
h ❛♥❞ ❡♥t❛✐❧s ✜r♠ h s❡tt✐♥❣ ♣r✐❝❡ p
u,t
h t♦ t❛❦❡
♦✈❡r t❤❡ ♠❛r❦❡t✳ ❖✉ts✐❞❡ t❤✐s ❞✐s❝❧♦s✉r❡ r❛♥❣❡✱ t❤❡ ♦♣t✐♠❛❧ ♣r✐❝✐♥❣ str❛t❡❣② ♦❢ ✜r♠ h ✐♠♣❧✐❡s
❝♦✈❡r✐♥❣ t❤❡ ♠❛r❦❡t✱ ❛♥❞ t❤❡r❡❢♦r❡ ❝❛♥♥♦t ②✐❡❧❞ ❤✐❣❤❡r ♣r♦✜ts t❤❛♥ t❤♦s❡ ❞❡r✐✈❡❞ ✐♥ t❤❡ s♦❧✉t✐♦♥
❝❤❛r❛❝t❡r✐③❡❞ ✐♥ Pr♦♣♦s✐t✐♦♥ ✷✳ ●✐✈❡♥ t❤❛t ❛ ❝❧♦s❡❞✲❢♦r♠ s♦❧✉t✐♦♥ ✐s ♥♦t ❛✈❛✐❧❛❜❧❡✱ ✇❡ ✉s❡ ♥✉♠❡r✐❝❛❧
❛♥❛❧②s✐s t♦ ✐❞❡♥t✐❢② ♣r♦✜t❛❜❧❡ ❞❡✈✐❛t✐♦♥s✳ ❲❡ ✐❞❡♥t✐❢② ♣❛r❛♠❡t❡r ♣❛✐rs (V −, V +) ✇✐t❤✐♥ t❤❡ s♦❧✉t✐♦♥
s♣❛❝❡ ♦❢ Pr♦♣♦s✐t✐♦♥ ✷ ✇❤❡r❡ ❞❡✈✐❛t✐♦♥s ❜② ✜r♠ h t♦ ♣r✐❝❡ pu,th ✐♥ ✭✶✶✮ ❛♥❞ ❞✐s❝❧♦s✉r❡ ✐♥ t❤❡ r❛♥❣❡
✸✵
duh ∈ [dl, d
u
h) ✇❤❡r❡ d
u
h ✐s ❣✐✈❡♥ ❜② ✭✶✷✮ ②✐❡❧❞ ❛ ❤✐❣❤❡r ♣r♦✜t t❤❛♥ t❤❛t ❞❡r✐✈❡❞ ✐♥ t❤❡ ❝♦✈❡r❡❞ ♠❛r❦❡t
❡q✉✐❧✐❜r✐✉♠✱ piu,th > pih✳ ❚❤❡ r❡❣✐♦♥ ✇❤❡r❡ ✉♥❝♦✈❡r❡❞ ♠❛r❦❡t ❞❡✈✐❛t✐♦♥s ♣❛② ♦✛ ❢♦r ✜r♠ h ✐s ❞❡♣✐❝t❡❞
✐♥ t❤❡ r✐❣❤t ♣❛♥❡❧ ♦❢ ❋✐❣✉r❡ ✷✱ ❛♥❞ t❤❡ ❝♦❞❡ ✉s❡❞ t♦ ♣❡r❢♦r♠ t❤❡ ♥✉♠❡r✐❝❛❧ ❛♥❛❧②s✐s ✐s ❛✈❛✐❧❛❜❧❡
❢r♦♠ t❤❡ ❛✉t❤♦rs ♦♥ r❡q✉❡st✳
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